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PREFACE. 



In this undertaking, the general reader is not supposed to be much 
acquainted with scientific researches, but to have some knowledge 
of descriptive geometry ; the author, therefore, before he could 
venture to explain the principles of the oblique arch, and to reduce 
them to practice, has been induced to lay before his readers those 
problems which would afterwards be required, and also that they 
may always be ready for the use of the working mason or inspector, 
without being under the necessity of having recourse to other 
publications. In this treatise, the geometrical constructions and 
the calculations are quite independent of each other. Each system 
is complete of itself, so that the reader who is not acquainted with 
the principles of algebra may pass the formulae, and proceed with 
the explanation of the figures and diagrams. But such as are able 
to understand the literal expressions, will soon find their utility 
and the great convenience and facihty which they afford in the 
construction of the oblique arch ; for in making working drawings 
of developments to the full size, so much room is required to 
lay them down, that it is often difficult to find a place which 
will contain them. The advantages, therefore, of calculation are 
obvious. In this treatise, every useful length, or distance, or 
angle of an oblique arch, has been found principally by common 
arithmetic, from the doctrine of similar triangles. The principles 
of calculation have been applied to three oblique arches which 
have been executed. 
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In the author's " Treatise on Stone-cutting," the construction 
of the oblique arch is given by a reverse process to that employed 
in the present work. It was there considered as necessary first 
to form the cylindric surface, from which the spiral surfaces of the 
beds might be more easily and more exactly obtained. Stone- 
cutters are, however, generally inclined to regulate the face from 
the bed; and, upon consideration, as the bed might be wrought 
by straight edges, the reverse process gives greater facility in the 
execution of the work ; but whether we commence working the 
arch-stones with the soffit or the bed, the same templets would be 
required. Previously, however, to working the ted, it will be 
necessary to ascertain the angle of the twist. The forms of the 
templets are exhibited at No. 1, No. 2, No. 3, No. 4, (Plate XXV) ; 
and they are not shown by any other author who has written upon 
the oblique arch. Of these templets. No. 3 and No. 4, called arch- 
squares, are employed in squaring the arch-stones. No. 3 is 
used in forming the beds and soffits, namely, having wrought one 
bed by means of the winding rules, No. 5, No. 6, the position and 
form of the cylindric surface of the soffit may be ascertained by 
applying No. 3 in the same manner as a common square ; and 
having finished one bed and the soffit, the position and form of 
the spiral surface of the remaining bed may also be ascertained 
by No. 3. The other arch-square. No. 4, is employed in forming 
the end of the stone, which is also a spiral surface. In the 
application of these arch-squares, the curved edge must rest upon 
the cylindric surface of the soffit, and thus the three faces of every 
arch-stone may be determined. . Here it may be observed, that as 
the workman is not restricted, he may work the beds at one 
operation, of any length which he may find convenient. Every 
other means besides this of forming the arch-stones will be liable 
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to great inaccuracy. Though the instrument, first described in 
the author's " Treatise on Stone-cutting/' is derived from a correct 
principle, it is difficult to keep it in a steady position upon the 
stone ; yet this is the instrument which is used in other publica- 
tions for squaring the stones. 

It is very inconvenient to lay out the whole development of 
an oblique arch to the full size ; but it is only necessary to find 
the development of half the intradosal-line ; for by making a 
mould to the half thus found, the other half may be drawn by 
reversing the ends of the mould, and placing the curve on the 
other side of the line of subtense, and thus we shall have the 
entire curve. (See Plate XXX Y.) 

Considering the great expense of the tables which are necessary 
for making the calculations, and the number of accurate figures 
represented in the plates, it is hoped that this will not only be 
found a cheap, but a useful publication, to all who are desirous of 
acquiring a thorough knowledge of the principles of the oblique arch. 

The improvements in this edition are considerable. Among other 
things, the method of. executing an oblique arch with plane joints 
being seldom wanted, has been removed from the Introduction to 
the Appendix at the end of the work. To make room for these 
improvements, that portion of the work containing the history of 
the oblique arch has been omitted, as not necessary to the use of 
the workman, but being rather an incumbrance, and causing a 
confusion in the pages. 

Instead of the theory of the oblique arch, which very few 
workmen are able to comprehend, an explanation is given of the 
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model, No. 38, exhibited in the Newcastle Polytechnic Exhibition, 
as being more useful and more interesting to the workman. Plate 
XXXIV exhibits the plan and corresponding elevation of the 
Bridge over the River Gaunless, the angle of obliquity being 26° 
54'. This plate is placed opposite page 35, where it is explained. 

In page 8 of this Preface it is said, that " the forms of the 
templets exhibited at No. 1, No. 2, No. 3, No. 4, (Plate XXV,) 
are not shown by any other author who has written upon the 
oblique arch ;" but it would have been more correct to have said 
that these templets are the invention of the author, Mr. Peter 
Nicholson. He does not pretend to be the inventor of the oblique 
arch ; but by templets shown at Y, Z, Z, and y, Plate 17, explained 
in page 55, and the moulds shown at D and G, Plate 19, explained 
in page 57 of the " Treatise on the Art of Masonry and Stone- 
cutting," the common arch-stones of every oblique arch were 
executed from the year 1828 to April, 1836, by the rules shown in 
that treatise, without any other assistance. With what success the 
whole of the author's rules are being applied to the execution of 
various oblique bridges, will be seen by the Testimonials at the end 
of the present work. 



TREATISE ON THE OBLIQUE ARCH. 



BEmiiwMieittetisj* 



SECTION I.-GEOMETRY. 

The meaning of a right angle, an acute angle, an obtuse angle, 
and of a right-angled triangle, an acute-angled triangle, and an obtuse- 
angled triangle, is supposed to be understood either from the reader's 
own practice or otherwise: more than this, however, is in general 
but very imperfectly known. As angles so very frequently require 
to be found under various circumstances, the following short discussion 
upon their properties, their construction, and the construction of 
right-angled triangles, will render the knowledge of them clear and 
familiar to the understanding of the workman, for whose use this 
Treatise is principally intended : — 

ON THE NATURE OF ANGLES. 

If from the point in which the two straight Unes forming a right 
angle meet each other, the arc of a circle be described to meet each 
line, and if the arc be divided into ninety equal parts, and straight 
lines be drawn from the centre through each point of division, the 
right angle will be divided into ninety equal angles, each of which is 
called a degree ; and if each degree be again divided into sixty equal 
parts, and straight lines be drawn to the centre, as before, each of 
these small angles is called a mtnuf^. 

A number having a small zero or cypher placed over the right 
hand shoulder of the figure, or last figure, shows this number to be as 
many degrees as the figure or figures express, and an accent placed 
in the same manner over a number, shows this number to be as many 
minutes as the figure or figures express. Thus 36° 23' mean thirty- 
six degrees, twenty-three minutes. 

d 
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The point at the meeting of two lines which contain an angle, is 
called the vertex or poinit of ike an^. 

Every angle is measured by the arc of a circle, described from the 
vertex between the sides containing the angle. 

NAMES OF LINES IN THE CONSTRUCTION OF ANGLES. 

A straight line joining the two ends of an arc, is called the chord 
of that arc, or simply the chord. 

The distance between the ends of an arc, taken with a pair of 
compasses, is called the exteni or tubtense of the arc. 

A straight line drawn from the centre to meet the chord of an arc 
perpendicularly, will divide the chord into two equal parts ; and if 
the straight line be produced to meet the arc, the arc will also be 
divided into two equal parts. 

£ach half of the choni iai called the sine of the half-arc to whieJi it 
is opposite. 

The line drawn from the centre, to meet the chord peirpendiculaxly, 
di8 called the co-tkis of the hAf-nxre, 

Hence the radius, thesine, and the co^sine, form a right-angled triangle, 
of which the sin^ is opposite to the angle subtended 1^ the half-chord. 

PRINCIPLE OF CONSTRUCTING ANGLES 

The chord of 60° is equal to the radius : 

For upon any straight line as a diametev, describe a semi-«ircle. 
Divide the arc into three equal parts, and draw the two intermediate 
radii and the chords of the three arcs ; then the figure will be divided 
into three isosceles triangles, of which each angle at the centre is one- 
jthird of two right angles ; but if an isosceles triangle have the angle 
contained by the equal sides equal to one-third of two right angles, 
th^ triangle is equilateral ; hence each of the two equal sides is equal 
to the third ; but the two equal sides of each triangle are radii, and 
i]m third side is the chord of one of the equal arcs ; therefore the 
radius is equal to the chord ; but the angle at the centre being one- 
third of two right angles, is one-third of 180° equal to 60°; hence 
the chord of 60° is equal to the radius. 

ON THE MEASUREMENT QF ANGLES. 

T}ie ratio of the radius and the chord of one arc being equal to the 
ratio pf the radius and the chord of another arc, the angle ccmtained 
by the two radii drawn from the extremities of the one arc, is equal 
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tcj tli0 &ngk Contained by the two tadii dmwii from the extteniittetf 
of the other drc. Thet^6t^ if an arc be described wkb a radind equat 
to the chord of 60^ and if a given number of degrees taken from a 
scale of chords, and the extent placed upon the arc, and if through 
eek^h extremity a line be drawn to the (Centre, the two radii will 
contain an angle of as many degrees, the radiuisr being equal to the 
dkotd of 60^. If the extent set upon the arc be the chord of 90% the 
angle eontained by the two radSi will be a right angle. 

TO CONSTRUCT A SCALE OF CHORDS. 

Draw a straight line A B (Fig. 1), and from B any poiftt in ^ B 
draw jB C perpendicular to A B. Make B A equal to the given 
radius, and from B with the distance B A describe the arc A C. 
From C with the distance A B cut the itrc ^ C in o^ and from A with 
t&e same radius* cut the are ^ C in ^/ then the quadrant A C ii 
divided into three equal parts at the points d ainiid s. Divide A d, d 4^ 
e Cy each also into three equal parts, and the whole arc A <i7will thua 
be divided into nine equal parts. Divide each of these nine into ten 
equal parts, and the whole arc -4 (7 will be divided into ninety equal 
parts. Draw the chord A C, and from A with the distamoe of each 
point of division in the 2iXQ A d e C, cut the straight line ^ C as 
shown by the numbers' 10, 20, 30, &c., and ^ O is a scale of chords* 

Figure 2 is a scale of chords transferred from Figure 1, and is that 
which is referred to in the following constructions, and in the 
mensuration of angles. 

Figure 3 is a scale of eqiial parts as used in the construction of 
triangles, and iff the scale referred to. The pairta may i^resent 
feet, yards, chains, &c. 

CONSTRUCTING OF ANGLES. 

From a given point A (Fig* 4), upon a given stiuigjit line' A By io 
construct a right angle by the scale of chords. 

From Ay with a ch<»rd of 60% describe an arc B C; make B C 
equal to the chord of 90""; draw A C; and the angle B AC shall be 
a right angle, or A C shall be perpendicular to AB. 

From a given point as a vertex, upon a given straight line^ to 
construct an angle which shall contain a given number of degrees, &c. 

From the vertex, with the subtense of 00^ taken from the scale of 
chords, describe an arc meeting the given line; from the point of 
meeting, with a distance equal to the chord of the given angle^ cut 
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the arc.; draw from the vertex a straight line through the point of 
intersection ; and the two lines shall contain the angle required. 

EXAMPLE. 

At a given point A (Fig. 5), upon a given straight line A By 
construct an angle of 35°. 

From A with a chord of 60°, describe the arc <i meeting A B ia 
d; from d, with the chord of 35°, cut the arc df 6 in e; through « draw 
A C; and the angle B A C shall contain 35°. 

To make an angle equal to anj number of degrees greater than 90°, 

but less than 180°.* 
Let ^ be a given vertex, and A B one of the given lines containing 
the angle ; from A, with the chord of 60°, describe an arc ^ C; from 
the point By with the chord of 90°, cut the arc jB C in <i; make d C 
from the scale of chords equal to the excess of the given number of 
degrees above 90° ; draw A C; and B J. C is the angle required. 

An angle BAG (Fig. 5), being given, to find the number of degrees 
it contains. 

From Ay with the chord of 60°, describe an arc d e, meeting A B 
in dy and A Ciae; apply the distance deto the scale of chords ; and 
the point of extension will show the number of degrees. This will 
be found to be nearly 35°. 

To make an angle BAG (Fig. 6), of 60°, without using the scale 
of chords. 

From Ay with any radius, describe the arc B G; from By with the same 

radius, cut the arc -B (7 in G; join A G; and -B ^ Cis the angle required. 

For if a straight line -B O be drawn, A B G will be an equilateral 

triangle, of which the angle BAG will be 60°, as well as the angles 

at B and G. 

To msike an angle BAG (Fig. 7), of 30°, without using the scale of 
chords. 

Take from A upon A By the two equal distances A d, d e; from d 
with the distance d e describe the arc e f; from e with the same 
distance cut the arc efinf; through /draw AG; and B A G ia the 
angle required. 

For if the chord «/and the radius dfhe drawn, d ef will be an 
equilateral triangle ; and if the semi-circle A f e he completed, the 

• The student is requested to supply the diagram for this proposition, it being 
omitted for want of room. 
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angle e dfvX the centre will be double the angle A f oi B A (7 at 
the circumference; but e dfheing an equilateral triangle^ the angle 
e dfis 60"" ; therefore the angle B A Cib 30"". 

OF THE COMPLEMENT AND SUPPLEMENT OF AN ANGLE. 

The difference between anj angle and a right angle is called the 
complement of that angle. 

Thus 55% the difference between 35^ and 90% is called the comple- 
ment of 35° ; and reciprocallj 35% the difference between 55° and 90% 
is the complement of 55°. 

The difference between an angle and two right angles, is called the 
supplement of that angle. 

Thus 143% the difference between 37° and 180% is called the 
supplement of 37% and reciprocally 37% the difference between 143** 
and 180% is the supplement of 143°. 

TBUNGLES. 

The angles, as well as the sides of a triangle, are called parts, 
which are therefore six in number, of which any three being given, 
except the three angles, the other three may be found. In a right- 
angled triangle, as the right angle is always given, any two of the 
remaining parts, except the two angles, will be sufficient to construct 
the triangle ; and thus in respect of the given data, we have five cases 
of right-angled triangles, which are as follows : — 

Two parts being given to construct a right-angled triangle. 

CASE L 

Given the two sides, which contain the right angle, to construct 

the triangle. 
From the same point draw two straight lines perpendicular to each 
other; make these lines respectively equal to the two sides; join 
the unconnected extremities ; and the figure will be the triangle 
required. 

EXAMPLE. 

Construct a right-angled triangle, of which one side shall be 35, 
and the other 19 feet. 
Draw A B (Fig. 8), and B C perpendicular to A B; make A B 
equal to 35 feet, and B C equal to 19 feet ; join A C; 9Jii A BC is 
the triangle required. 
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CASE IL 

Oiyen the hypothenuse and one of the oth^r twa lAdeB, io construct 

the triangle. 
Draw a straight line^ and make it equal to the hypothenuse. 
Upon the hypothenuse^ as a diameter, describe a semi-circle ; from 
one end of the diameter, with the length of the otb^ side, cut the 
senii-eircnlar are; join the point c^ intersection and each end of the 
diameter ; and the figure is the triangle required. 

EXAMPLE. 

The hypothenuse being 40 feet, and the other side 35, constmct 

the triangle. 
Draw A C (Fig. 9) ; make A C equal to 40 ifeet ; upon A C, m ^ 
diameter, describe the semi-circle A B C; fifom A with the length 35 
feet of the other side, cut the semi-circular arc in B; join B Ay BC; 
and the figure A B Cia the triangle required. 

CASE III. 

Given one of the two sides about the right angfe, and the angle 
adjacent to that side, to construct the triangle. 
Draw a straight line ; make it equal to the given length ;. fSfom one 
end raise a perpendicular ; at the other end of the given line make an 
angle equal to the given angle ; and the figure made by the meeting 
of the lines shall be the triangle required. 

EXAMPLE. 

One side about the right angle being 35 feet, and the adjacent 
angle 28° 30', construct the triangle. 
Draw A B (Fig. 8) ; make A B equal to 35 feet ; draw B C 
perpendicular to A B; make the angle B A C equal to 28** 30'; and 
the figure A B Cis the triangle. 

CASE IV. 

Given one of the two sides about the right angle, and the^ opposite 
angle to that side, to eonstruct the triangle. 
Take the complement of the given angle, and we shall have an 
angle adjacent to the given side ; therefore, proceed as in Case III, and 
the figure constructed shall be the triangle required. • 
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EXAMPLE. 

Given one side about the right angle equal to 35 feet, and the 
opposite angle equal to 61^ 30', construct the angle. 
The complement of 6r SV ia 28'' 30'; proceed now as in the 
Example to Case III, and this shall be the triangle required. 

CASE V. 

Given the hypothenuse and an angle to construct the triangle. 

Draw a straight line ; make it equal to the hypothenuse ; upon the 
given line as a diameter describe a semi-circle ; make an angle with 
the diameter at one of its ends equal to the given angle ; draw a 
straight line from the other extremity to the point of intersection ; 
and the figure shall be the triangle required. 

EXAHPLE. 

Given the hypothenuse equal to 40 feet, and one of the angles 
28*^ 30', construct the triangle. 

Draw A C, (Fig. 9) ; make A C equal to 40 feet ; upon A C describe 
the semi-circular 9xcABC; make the angle CAB equal to 28^ 30' ; 
draw B C; and the figure AB Cia the triangle required. 

In any of the five cases, to find the parts of the triangle required. 
If angles, they may be ascertained from the scale of chords ; and if 
sides, from the scale of equal parts. 

THE NAMES OF THE THREE SIDES OF A RIGHT-ANGLED TRIANGLE. 

If the hypothenuse be called radius, the side opposite to either of 
the acute angles is called the sine of that angle, and the remaining 
side, which with the radius contains the angle, is called the co-^me 
of the angle, {See page 2.) Thus in the triangle ABC (Fig. 10), if 
^ O be called radius, the side B C opposite the angle A is called the 
sine, and side A B the co-sine of the angle A. 

If one of the sides about the right angle be called radius, the other 
side is called fA« tangent of the opposite angle, and the hypothenuse 
the secant of the same angle. Thus in the right-angled triangle 
ABC (Fig. 11), if -4 -B be called the radius, -B C is called the tangent 
of the angle A, and A C the secant of the same angle A. 
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Given the three parts of an oblique-angled triangle, to construct the 

triangle. 

CAS£ I. 

Given the three sides, of which any two is greater than the third, 
to construct the triangle. 
Draw a straight line, make it equal in length to one of the sides ; 
from one end of the line with the length of another side describe an 
arc ; from the other end describe another arc to intersect the other ; 
jointhe point of intersection, and each end of the line ; and the figure 
shall be the triangle required. 

EXAMPLE. 

Given the three sides respectively equal to 78, 57, and 38 feet, 
construct the triangle. 
Draw A B (Fig. 1) ; make A B equal to 78 feet ; from A with the 
distance of 57 feet, describe an arc ; from B with the distance of 38 
feetj describe another arc intersecting the former at C; join C A, 
C B ; and the figure ABCis the triangle required. 

CASE 11. 

Given the two sides and the contained angle, to construct the 

triangle. 
Draw a straight line ; make the line equal in length to one of the 
given sides ; from one end of the line make an angle equal to the 
given angle ; from the vertex upon the unlimited line, set off the 
length of one of the other two sides ; join the unconnected ends of 
the two lines ; and the figure shall be the triangle required. 

EXAMPLE. 

Given the two sides respectively equal to 78 and 57 feet, and the 
contained angle 27° 30', to construct the triangle. 
Draw A B (Fig. 1) ; make A B equal to 78 feet ; make the angle 
BAC equal to 27° 30' ; make A C equal to 57 feet ; join B C; and 
A B C ia the triangle required. 

CASE IIL '^ :r- 

Given two sides, and an angle opposite to one of them, to construct 

the triangle. 
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Draw a straight line ; make the length of the line equal to one of 
the given sides ; at one end of the line make an angle equal to the 
given angle ; from the other end, with the length of the other side, 
cut the unlimited side of the given angle ; join the end of the line 
and the point of intersection ; and the figure shall be the triangle 
required. 

EXAMPLE. 

Given two sides of a triangle respectively equal to 78 and 57 feet, 
and the angle opposite to the side 57 equal to 43° 30', to construct 
the triangle. 

Draw A B, (Fig. 1) ; make A B equal to 78 feet ; make the angle 
ABC equal to 43° 30' ; from A, with the distance of 57 feet, cut 
B C in C; join AC; and A B Cia the triangle required. 

CASE IV. 

Given a side, and" the two adjacent angles, to construct the triangle. 
Draw a straight line ; make the line equal to the length of the given 
side ; at each end of the line make angles respectively equal to the 
two given angles ; and the figure shall be the triangle required. 

EXAMPLE. 

Given one side equal to 78 feet, and the two angles respectively 
equal to 26°, and 43° 30', construct the triangle. 
Draw A B, (Fig, 1) ; make A B equal to 78 feet ; make the angle 
BAC equal to 27° 30' ; the angle ABC equal to 43° 30' ; and the 
figure A B Cis the triangle required. 

CASE V. 

Given two angles and a side opposite to one of them, to construct 

the triangle. 

In this construction, the line which is to be opposite to one of the 
given angles will be adjacent to the other. 

Draw a straight line ; make the line equal to the length of the 
given side ; make an angle at one end of the line equal to the 
adjacent angle ; make an angle at the other end of the line equal to 
the supplement of the sum of the two given angles ; and the figure 
enclosed by the three lines is the triangle required. 
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EXAMPLE. 

Given the two angles respectively equal to 27° 30', and the side 
opposite to 43° 30' equal to 57 feet, construct the triangle. 

Draw A C (Fig. 1) ; make A C equal to 57 feet ; make the angle 
CAB equal to 27° 30' ; make the angle ACB equal to 109°, which 
is the supplement of 71°, the sum of 27° 30', and 43° 30'; and the 
figure enclosed by the three straight lines is the triangle required. 

In any case when a triangle is constructed to find the remaining 
parts, the length of the sides will be found by applying the lengths 
found by construction upon the scale of equal parts, and the measure- 
ment of angles by the scale of chords. 

BISECTION OF A LINE PERPENDICULARLY. 

To bisect a given straight line A B (Fig 2), that is, to divide it into 
two equal parts. 
From A, with any distance greater than the half of A B, describe 
an arc ; from B, with the same radius, describe another arc inter- 
secting the former arc at d and e ; through the points dy e, draw the 
straight line FG; and F G will bisect A B perpendicularly in C 

PROBLEMS REQUIRED IN PRACTICE. 

Prob. I. — ^From a given point C(Fig. 3), near the middle of a straight 
line A JS, to draw a perpendicular. 

On each side of the point C, upon the line A JB, take two equal 
distances C e, Cf; with any radius greater than C a or C f describe 
an arc from the point e ; with the same radius describe another arc 
from the pointy intersecting the former arc in ^; through g draw 
the straight line CD; and C i> is perpendicular to A B. 

Prob. II. — ^From a given point B, (Fig. 4), at the end of a given 
straight line A B, to draw a perpendicular. 

Make A JB, taken from a scale of equal parts, equal to 4 feet ; 
from B, with a distance equal to 3 feet, describe an arc ; from A^ 
with a distance equal to 5 feet, describe another arc intersecting the 
former in C; join B C; and JS C is perpendicular to A B.* 

* For if ^ C b6 drawn, and if the square of ^ C be equal to the sum of the 
squares of A B, B C, the triangle ABC shall be a right angled triangle (Euclid, 
Book I, Proposition 48), the right angle being at B ; therefore, because (n^ + 1)'= 
(na— !)« + (2 n)», the numbers n» + 1, n»— 1, 2 n, are the sides of a right angled 
triangle. Thus, let n=2, then n« + 1=5, n«— 1=3, 2 ii=4 ; therefore, because the 
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The same thing may be done by using the numbers 6, 8, 10, 
instead of 3, 4, 5, or any numbers in the proportion of 3, i, 5. 

Prob. III. — To bisect a given angle ABC (Fig 5). 

From By with any radius, describe an arc J 6, meeting ^ ^ in o^ 
and ^ C in 6/ from <f, with any radius greater than half the distance 
between d and e, describe an arc ; from e with the same distance, 
describe another arc meeting the former in /; through / draw B C; 
and B C will bisect or divide the angle ABC into two equal angles. 

Prob. IY. — ^To make an angle at the point E (Fig. 6), with the 
straight line D E, that shall contain an angle equal to the given 
angle ABC, 

From B, with any convenient radius, describe the arc d «, meetiilg 
B Aind, and B Cine; from E, with the same radius, describe an 
arc g h, meeting E Dmg; make g h equal to d e; through h draw 
the straight line E F; and D E F 18 the angle required. 

Prob. V. — To make a straight line equal to the length of a given arc. 

The thing here proposed to be done cannot be effected by any rule 
founded upon geometrical principles. It is evident that if a given 
arc be divided into equal parts, and the chords of these arcs be as 
often repeated upon a straight line, the multiple thus extended will 
be less than the length of the arc ; the smaller, however, the distance 
is between the points, and the more numerous the parts are, the 
straight line which contains the multiple shall be the more nearly 
equal to the length of the arc. 

EXAMPLE. 

Find the length of the arc A B, (Fig. 7). 

Take a small distance between the points of the compasses, and 
suppose the arc to contain this distance eight times from ^ to c with 
a remainder e B; draw the straight line D E, upon which repeat the 
chord as often as the number of small equal arcs are contained upon 
the whole arc from Z> to /; make / E equal to the remaining part 
£ of the arc ; then will DEhe nearly equal to the arc A B. 

sides of the triangle A B C axe 5, 4, 3, it is right angled. The niunhers 3, 4, 6, or 
their doubles, 6, 8, 10, are very convenient for the use of workmen. There are num- 
bers, however, in a very different proportion that will answer the same purpose : thus, 
let n=4, then n» + 1=17, n»— 1=15, 2 n=8 ; hence 17, 16, 8, are the sides of a 
right angled triangle, but more inconvenient than the others. 



xii INTRODUCTION. [PLATE IL 

OBSERVATION. 

In practical works, when the points through which a curve required 
to be drawn are given by being previously found, the curve is drawn 
by placing small nails in the points, and bending a thin slip of wood, 
or other elastic substance, round the points, and by drawing a curve 
by the side of the slip next to the nails ; then the length of the slip 
extended in a straight line will be equal very nearly to the length of 
the arc or curve. The length of the curve obtained in this way 
is perhaps as exact as it is possible to be found. 

Prob. YI. — ^Upon a straight line A C (Fig. 8), as a chord, to describe 
the arc of a circle, the height of the middle of the arc being given. 

Bisect -4 C by a perpendicular B E intersecting A C in D; make 
D E equal to the height of the arc ; draw the chord A B of the half 
arc ; bisect A B hj b, perpendicular, meeting B E in E ; from E, 
with the distance E B, describe the ore A B C; and ^ -B C is the 
arc required. 

It frequently happens that the distance of the centre of the circle 
is so very great as to make it inconvenient to get a radius and the 
portion of the arc of the circle required so very small ; recourse must 
be had to the method of describing an arc of a circle without using 
the centre, by means of an angle. 

Prob. YII. — The same things being given to describe the arc, without 
making use of the centre. 

Draw the straight line A C (Fig. 9), and make A C equal to the 
chord, bisect A Chj b. perpendicular B D, meeting A CinD; make 
D B equal to the height of the arc. Having prepared two thin slips 
of wood with straight edges, each being a little longer than the chord 
A C, lay the one slip upon the other, so that the straight edges being • 
outermost, may intersect each other at B, one of the straight edges 
resting upon a pin at A, and the other upon a pin at C; fix these two 
slips together at B, and to keep them invariably to the angle, fasten 
another slip G H, at each end, to each of the other two ; move the 
angle EB F,8o that the side B E may slide upon the point A, and the 
side B F upon the point C, while a pencil being held to the vertex 
B of the angle, will describe the arc ABC. 
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ANOTHER METHOD STILL MOKE CONVENIENT. 

Let A C (Fig. 1) be a straight line equal in length to the chord. 
Bisect A Cin g, and draw g h perpendicular to A C, and make ^ h 
equal to the height of the arc. Draw h D parallel to A C, and join 
h A, which prolong to any convenient point E. Make h D equal to 
h Ey and join E D, Let A, h, 0, (Fig. 2), be points at the same 
distances from one another as the points A, A, C (Fig. 1). In Fig. 2 
fix two pins, one in A, and the other in hy and move the angle EBD, 
80 that the edge B E may slide upon the pin A, and the edge B D 
upon the pin hy while during the motion a pencil being held at the 
point B of the angle EBD, will describe the arc ^ A. In the same 
manner, by taking the pin out of A, and placing it in 0, the arc /^ C 
wiU be described, which will complete the entire arc A h C, of which 
the chord is A (7, and the height g k. 

Prob. VIII. — The two axes of an ellipse being given, to find any 
number of points in the curve. 

Let A B (Fig. 3) be the axis-major. Bisect ^ JB in (7 by the per- 
pendicular E D, Make G E equal to the semi-axis minor, and make 
CD equal to C E. Through E draw F G parallel to A B, and 
draw A F and B G parallel to D E. Divide A F, A G, each into 
the same number of equal parts, at 1, 2, 3, &c. From the points 
1, 2, 3, &c. mAFy draw lEy2 EySE, &c. and from D, through the 
points 1, 2, 3, &c. in A C, draw DbyD Cy D d, &c. meeting the lines 
1 Ey2 Ey 3 Ey &c. lu thc points 6, c, d, &c. In the same manner 
find the points 6, c, d, &c. on the other side of i> E, From the point 
Ay and through the points 6, c, d, &c. draw the curve Ah cdEy and 
in the same manner draw the curve B b c d E. 

Prob. IX. — Given the two axes of an ellipse, to find the radius of 
curvature at the extremities of the axis, thence to describe an 
approximate curve by the arcs of circles. 

Let ^ B (Fig. 4) be the axis-major. Bisect ^ -B in C by the 
perpendicular E 1>, and make CE equal to the semi-axis minor. In 
Fig. 4, No. 2, draw i p and i « at any convenient angle. In t p 
make i w, i hy respectively equal toCAyCE (Fig. 4, No. 1). From the 
point i (Fig. 4, No. 2) describe the arcs mriy kl, meeting in inn and 
ly and join m I, Draw n p parallel to I m, and draw k q also parallel to 
I w, meeting inmq. Make E D (No. 1) equal to i p, (No. 2), and 
upon A B (No. 1) make A e,Bfy each equal to i g (No. 2). From 



Xiv INTRODUCTION. PLATE III.] 

the centre D (No. 1), with the distance D E, describe the arc G H, 
^d from the centres e, f, with the distance A e equal to Bfi describe 
the arcs AL^B K. Then the three arcs A L, B K, G H, will very 
nearly ooincide with the curvature of an ellipse drawn upon correct 
principles. The remaining portions of the curve may be traced by 
hand. In order to find another point in each curve between the arc 
thus described, from JS, the extremity of the semi-axis minor, with 
the distance C A or C B, the semi-axis major, cut A C at m, and B C 
at n. Parallel to C E draw mpyuq; make m p, nq, each equal to 
A eoT Bf; and the points p and q are in the curve. 

OBSERVATION. 

The radius of curvature at the extremity of the semi-axis minor, and 
at each extremity of the semi-axis major, may be found by calcu- 
lation, as shown in the observations after Problem XIII, 
The points to, n, are the two focii of the semi-ellipse A E By and 
the lines mp,nq; the ordinates to the curve passing through the 
focii are each termed the laiu$ rectum^ which is a third proportional 
to the semi-'axis major and the semi-axis minor, as shown by the 
writers on conic sections. 

THE USE OF THE TRAMMEL. 

The trammel consists of two parts, of which one is fixed and the 
other moveable. The fixed part is a plate of metal on a thin piece of 
wood of inconsiderable thickness, comprised between parallel plane 
surfaces, with two grooves receding from one of the faces at right 
angles to each other, and the moveable part is a bar having a hole 
through it at one end to hold a pencil, and two pieces made to slide 
along its sides, with a steel pin in each slider. These pins are of a 
cylindrical form, so that the centres of their circular ends, and the 
point of the pencil, may always be in a straight line, and to admit of 
being fixed at any distances from the pencil-point, and that the 
cylindric pins may be fitted exactly, and to move freely in the grooves. 

Prob. X.r^The axis of an ellipse being given, to describe the curve 

by a trammel. 

Place the middle of the groove G H (Fig. 5) upon the axis-major 
A B, BO that the intersection may fisdl upon the centre C Let i p 
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be the edge of the trammel bar, and p the point of the pencil. Slide 
each of the moveable pieces, bo that their distances from p may be 
respectively equal to C j^, C A. Then place k, the centre of the 
nearest steel-point, in the groove G Hy and t, the centre of the most 
remote, in the groove F C. Move the end p of the bar while the 
points hy iy remain in the grooves, and the pencil at p will describe 
the curve. 

Pbob. XI. — Given the semi-axis minor, the abscissa upon the semi- 
axis minor, an ordinate parallel to the axis-major, to describe the 
curve. 

Let e E (Fig 6) be the semi-axis minor, e the centre, and h A ot 
h B QXk ordinate. Prolong E e to m, and through e draw C D 
parallel \o A B. From By with the distance E 6, cut eD in /; join 
Bfy and prolong Bfio meet e m in q. In e C take e h less than 
e f; and from the point ky with the distance /g, cut e m in t; join i k, 
and prolong iktop ; make k p equal to e ^E^ otfB ; and|> is the point 
in the ellipse. In the same manner may be found as many points aa 
will be sufficient to draw the curve^ but which may be better drawn 
by the trammel. 
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Prob. XII. — To describe a curve comprised by five circulax arcs, whicb 
shall be a near approximation to the curve of a given semi-ellipse. 
Let A G{¥ig, l)be the axis-major. Bisect ^ 6r in Mhj the perpendi- 
cular D J, and make MD equal to the semi-axis minor. Draw Dp mak- 
ing any given angle withD J. FromD, with the distance DJtf, cut Dp in 
n, and again from 2>, with the distance -4 Jtf or Jtf (3^, cut 2> Jin 9',and Djp inp. 
Join q fly and parallel toqn6i3.wpJ, and drawJtf ^parallel to 5' n, meeting 
Dp in r. From J", with the radius JDy describe the arc CE, so that D C 
and D E may be each about 15°, or CE about 30°, and join CJand E J. 
la AG make A H and G L, each equal to 2> r. InCJ make C s equal 
to -4 Hy and join Hs, Bisect IT* by a perpendicular 1 1, meeting CJinL 
Join / H, and prolong I Hto B, In J Ey make J K equal to J I. 
Join KLy and prolong KL to F, From the centre /, with the distance 
I C, describe the arc 5 C; and from the centre Hy with the distance H 
By describe the arc A B. Also from the centre JT, with the distance K Ey 
describe the oxc E F; and from the centre X, with the distance L F, 
describe the bxc F G; then the curve A B CDEFG will be a very 
near approximation to the curve of a semi-ellipse. 

Prob. Xm, — To describe a curve composed by circular arcs from 
seven centres, which shall be a very near approximation to the curve 
of a semi-ellipse, the two axes being given. 
Let-4 / (Fig. 2) be the axis-major. Bisect A /in Jhj a perpendicular 
E Ny and make JE equal to the semi-axis minor. By Problem VIII, 
find the points JS, O, D, Bisect DEhjs, perpendicular t N, and join 
D Ny and suppose C D joined. Bisect C 2> by a perpendicular u My 
meeting DNinM, and join CM. Suppose B C joined, and bisect B C 
by a perpendicular v X, meeting CMinL. Let ND intersect -4 J in 
a, and let M C intersect A Jin /3. In J /make J a, Jffy respectively 
equal to J a, J fi. Join N a , and prolong N d to F. In N F make 
N equal to N M; join /S', and prolong OffioG. In G make 
P equal to M L, From the point iV, with the radius NEy describe 
the arc D F; from the point 3f, with the radius MD, describe the arc 
CD. Draw L u parallel to A I, From the centre X, with the distance 
L Cy describe^the arc u C. Join u Ay and prolong uAto meet the arc 
u Cina. Join a L, intersecting ^ Jin ^. In J J make J Q equal to 
JK; join P Q, and prolong P QtoH, From the centre 0, with the 
radius JP, describe the arc FG; from the centre P, with the radius 
P Gy describe the arc GH; and from the centre Q, with the radius 
Q Hy describe the arc HI. Then the curve A x CDEFGHI, comprised 
by the circular arcs AXyxCyCDy &c. will be a very near approximation 
to the semi-ellipse, of which the axis-major is A /, and the semi-axis 
minor JHy since the points Ay By C> &c. are in the curve. 
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ANOTHER METHOD FROM FIVE CENTRES. 

Bisect A B (Fig. 1) in C, by the perpendicular D E, and make 
C D equal to the semi-axis minor. 

Draw two straight lines o t, o s, (No. 2) forming any convenient 
angle. In o * and o *, make o p^ o q, each equal to C 2>, and o r^ o s, 
each equal to C A or C B. Join q r, and draw s t and p u parallel to 
q r. Make D E equal to o ty A F and B ¥ each equal to o w. 

Divide E C into two equal parts in A, and divide F C, IF C, each into 
three equal parts, making F k, F m, each equal to one part, and C k, 
C m, will be each equal to two parts. From E through k and m draw 
E c, Ed; and from h, through F and F'y draw h h, h e, intersecting 
E Gm2; and draw h e, intersecting E din ^, From F, which is the 
first centre, describe the arc A h ; from 2, describe the arc h c ; from 
E, describe the arc c d; from 4, describe the arc d e; and from Fy 
describe the arc e B. 

FROM SEVEN CENTRES. 

Bisect ABmC (Fig. 2) by the perpendicular 2> J5J, and make CD 
equal to the semi-axis minor. 

Find the points F, F, by ^ding the radius of curvature at the 
points A and B ; and find the point E, by the radius of curvature at D. 
Thus, let CD he 6 feet, and C -4 or C -5 be 12 feet ; then, by proportion, 

CBotCA (12) : CD (6) : : C2> (6) : ^ jP=3. 
CD{Q):CA (12) ::CA (12) : D E=24:. 

Make D E equal to 24 feet, and in A B make -4 F, 5 F, each equal 
to 3 feet. Divide E C into three equal parts at i h, and divide F C 
as also F' C into three equal parts, each in proportion of 1, 2, 3 ; so 
that by dividing F C into six equal parts, make F k equal to 1, ^ 2 
equal to 2, and I C equal to 3 ; as also make F' m equal to 1, mn equal 
to 2, and n c equal to 3. From E, through I and w, draw Ed, E e; 
from i through k, draw t c, intersecting E d in 3 ; and through m 
draw i/, intersecting J57 e in 5; and from A through F, draw A 6, 
intersecting 3 c in 2 ; and through F' draw h g, intersecting 5 /in 6 ; 
and the seven centres are F, 2, 3, E, 5, 6, F, From -F, with the 

/ 
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radiufl F Ay describe the arc ^ 6; from 2, with the radius 2 c, describe 
the arc 5 c; from 3^ with the radius 3 c^ describe the arc e d; from 
Ey with the radius E d, describe the arc d e, and so on ; then the 
curves described by the circular arcs will be a very near approximation 
to the semi-ellipse. 

In the same manner may a semi-oval be described from nine, eleven, 
&c. centres, by always dividing F C, F* C, each into as many parts as 
there are equal parts in C E, in the proportion of the arithmetical 
progression 1, 2, 3, &c^ the first term and the common difierence 
being unity. 

OBSERVATIONS. 

The method here shown of describing a semi-oval which shall 
represent a semi-ellipse, is not so near an approximation as that 
shown page xvi, (Introduction,) Figure 2. This construction is taken 
from a French publication: "Traits Elementaire de la Coupe des 
Pierres ou Art du Trait, par Mr. Simonin, Professeur de Mathema- 
tiques. Paris, m.dcc.lxxxii.". 
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SECTION 11. 

ON THE CYLINDER, ITS SECTIONS, AND DEVELOPMENT. 

DEFINITIONS. 

If a rectangle revolve about one of its sides until the opposite side 
comes into its first position, the solid comprised is called a cylinder. 

The fixed line is called the axis. 

The sur&ce described by the side of the rectangle which is parallel 
to the axis is called the ct/lmdric iurface, or sometimes the eiirved surface. 

The circles described by the two sides of the rectangle, which are 
perpendicular to the axis, are called the haset or ends of the eyUnder. 

A portion of a cylinder cut off by a plane parallel to the axis, is 
called the se^/ment of a cylinder; if the plane pass through to the axis, 
the segment is a semi-cylinder. 

In this treatise, the segment of a cylinder never exceeds the semi- 
cylinder, but is generally less than the half. 

The plane of the segment of a cylinder, which is parallel to the 
axis, is called the springing plane. 

The straight lines in which the springing plane intersects the 
curved surface of the cylinder, are called the springing Unes. 

The section of the segment of a cylinder, perpendicular to the axis 
or perpendicular to the springing lines, is called the right section. 

CONVENTIONAL PRECEPTS AND LEADING PRINCIPLES. 

The springing lines are parallel to each other. 

A straight line in the chord plane parallel to one of the springing 
lines, is parallel to the axis of the cylinder ; and a straight line which 
is parallel to the axis of the cylinder, is parallel to the springing lines. 

The centering of any arch treated of in this treatise, must be 
understood to be made in form of the segment of a cylinder, the 
intrados of the arch being the reverse of the curved sur&ce. The 
springing plane of the segment is always parallel to the plane of the 
horizon. The surfaces of the tops or under-edges of the beams to 
which the ribs are fixed, are placed in the springing plane. 

The section of a cylinder cut by a plane perpendicular to the axis, 
is a circle. 

The section of the segment of a cylinder, cut by a plane perpendi- 
cular to the axis, is the segment of a circle ; and the section of the 
springing plane is the chord of the arc. 
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All parallel sections of the segment of a cylinder, cut bj a plane 
either parallel or obliquely to the axis, are equal to one another ; and 
if one was laid upon the other, they would coincide. 

If a cylinder be cut by a plane obliquely to the axis, the section is 
an ellipse of which the longest diameter is the axis-major, and the 
shortest the axis-minor, and the axis-minor of the ellipse is perpendi- 
cular to the axis of the cylinder ; and since the two axis of an ellipse 
are at right angles to each other, if the axis of the cylinder be 
horizontal, and the axis-minor of the ellipse perpendicular to the 
horizon, the axis-major of the ellipse shall be parallel to the horizon, 
and the acute angle made by the axis of the cylinder, and the semi- 
axis-major of the ellipse, is equal to the angle of inclination which 
the axis of the cylinder has to the plane of section ; therefore, if the 
cylinder be cut by another plane passing through its axis and through 
the axis-major of the ellipse, the section of the solid will be a 
springing plane passing through the axis of a cylinder, and the acute 
angle made by one of the springing lines, and the axis-major of the 
ellipse shall be equal to the inclination of the axis of the cylinder to 
the oblique plane of section. 

Hence if a segment of a cylinder be cut by a plane obliquely to the 
axis, and at the same time perpendicular to the springing plane, the 
section will still be that of a portion of an ellipse cut off by a double 
ordinate parallel to the axis-major, and the abscissa a part of the 
semi-axis minor equal to the height of the right section of the segment 
of the cylinder. 

K a straight line in the chord plane be drawn parallel to the 
springing lines or the axis of the cylinder, and if two points be taken 
in this line, two straight lines, drawn from each of the points 
perpendicular to the chord plane to meet the cylindric surface, are 
equal to each other. 

If the segment of a cylinder be cut by two planes, one perpendicular 
and the other oblique to the axis, and if a straight line be drawn on 
the chord plane parallel to the axis to meet the sectional lines, and if 
from the point of meeting a straight line be drawn in the right section 
perpendicular to the chord, and in the oblique section perpendicular to 
the double ordinate, to meet the curved surface, these perpendiculars 
shall be equal to one another. 

In this treatise it must be understood that, when the segment of a 
cylinder is cut by a plane obliquely to the axis, the plane of section 
is always perpendicular to the springing plane. 
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Prob. XrV. — Given the right section of a cylindric arch with 
radiating joints, the section of the cylindric surface being the arc 
of a circle not greater than a semi-circle and the angle of obliquity, 
to find the oblique section. 

Let ABC (Fig. 1 and Fig. 2) be the right section ; draw C L and A K, 
each perpendicular to A C. In CL, take any convenient point X, and 
make the angle C L JT equal to the angle of obliquity. Divide the arc 
A B Cinto any number of equal parts at 1, 2, 3, &c., and from the points 

1, 2, 3, &c. draw straight lines to radiate to the centre /, and these lines 
will represent the joints. Again, from the points 1, 2, 3, &c., draw 1 6, 
2 c, 3 c?, &c., intersecting A C, perpendicularly in the points a, ft y, &c., 
meeting iTZ in 6, c, c?, &c. Perpendicular to K X, draw 6 e, cfy dg, &c., 
and make h e, cf, dg, &c., respectively equal to a 1, /3 2, y 3, &c. ; and 
from K, through the points e,f, g, draw the curve Kefg..,q,,.Ly which 
is the section of the curved surface of the cylinder. In Fig. 1, the arc 
ABC being a semi-circle, the centre /is in the diameter A C In Fig. 

2, the arc being less than a semi-circle, the centre /will fall without the 
segment; therefore draw /P to meet the chord -4 C perpendicularly in 
P, and bisect KLinp, Drawp i perpendicular to K Z, and make p i 
equal to P /. From i through the points JT, e, f, g, &c., draw the radiat- 
ing lines Kk, e ?,/m, &c., which are the joint lines of the oblique section. 

DEMONSTRATION. 
The circular arc ^ 5 C being the right section of the intrados or 
concave cylindric surface of the under-side of the arch, and A C the 
chord of the arc A B C; draw A K and C Z each perpendicular to 
A C, and let Z JT in the chord plane be the line of section. Then 
because by construction the straight lines ah, ^ c, y d, &c., meeting 
^ C in the points a, ft y, &c., and ^ Z in the points 6, c, d, &c., are 
parallel to C Z or ^ Z", and because a 1, /3 2, y 3, &c., are perpendi- 
cular to A C, and because b e, cf, dg, &c., are perpendicular to K L, 
and because b e, cf, d g, &c., are respectively equal to o 1, /9 2, y 3, 
&c. Suppose now the arc -4 5 (7 to be raised upon its chord, A Gin a, 
plane perpendicular to the plane A C L K, and suppose the curve K 
efg q...L to be raised upon the sectional line KL, in a plane likewise 
perpendicular to the chord plane A C K L, it is evident that the 
points e, f, g, &c., are not only in the plane of section, but are also 
in the surface of the cylinder ; for planes passing through ab,^c,yd, 
&c., perpendicular to the plane A C L K, would cut the segment of 
the cylinder in rectangles, of which the ends would be the ordinates, 
viz. b e equal to a 1, c/ equal to p 2, dg equal to y 3, &c. 
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Pbob. XV. — To find the development of the curve of the oblique sec- 
tion of the segment of a cylinder, the angle of obliquity being given. 
Let ABC (Fig. 1) be a right section of the segment of the cylinder, 
A C being the chord, and z B the height of the arc ABC. Draw C H 
perpendicular to A C, and make the angle C AH equal to the com- 
plement of the angle of obliquity. Prolong C ^ to i>, and make A D 
equal to the length of the axe A B C (Prob. V, Sec. 1.) Draw D E 
perpendicular io AD; make D E equal to CHy and join A E. Divide 
A E into any number of equal parts, at the points 1, 2, 3, &c., and 
parallel to D E, draw 1-1, 2-2, 3-3, &c., meeting ^ JD in 1, 2, 3, &e. 
Divide the axe A B C into the same number of equal parts as the 
straight line A E, and from the points 1, 2, 3, &c., in the axa A B C, 
draw the lines 1 a, 2 b, 3 c, &c., intersecting A C perpendicularly in 
o, 6, c, &c., and meeting A HinsLy b, c, &c. From the points 1, 2, 3, 
&c., in ^ i>, make 1 a, 2 /3, 3 y, &c., respectively equal to a a, 6 b, c c, 
&c., and from the point A, through the points a, /3, y, &c., draw the 
curve AmE, which will be bisected in m by the straight line A E. 

Jf H Zhe drawn parallel, and A Y perpendicular to A i>, meeting 
H Zin Y, and if Y Z be made equal to Y H, and if A Zhe joined, a 
straight line drawn through the point m in the curve will be a tangent. 
GENERAL PRINCIPLE. 
From this operation it is evident that, in the development of the 
surfsice, the semi-ellipse will become an undulated curve of such a 
nature, that a straight line drawn from one extremity of the curve to 
the other will divide the curve into two equal parts, the one half being 
on the one side, and the other half on the other side of the straight 
line, so that two points being taken in the straight line at equal distances 
from the point of intersection, shall be equally distant from the curve. 
EXAMPLE II— FIGURE II. 
Exhibits the development of the curve which is the oblique section 
of a semi-cylinder, and is described nearly in the same words as in 
Figure 1, the same letters of reference being used. 
OBSERVATION. 
In the same manner the development of the curved surface of the 
segment of a cylinder, cut by a cylindric surface of which the axis is 
perpendicular to the springing plane, may be found as is evident from 
Figure 3^ and from the explanations given of Figure 1. 

It sometimes happens in oblique bridges, that in order to ease the 
road-way, the ends terminate with circular ends : in such cases this 
development is useful. 
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SECTION III.— DEFINITIONS. 

I. If a limber plane surface, or paper, of which the outline is a 
right-angled triangle, be rolled upon the curved surface of a cylinder 
so as to have no racuit j, and that one of the sides about the right 
angle, not greater than the^ circumference of the cylinder, may be in 
a plane perpendicular to the axis, the curve line assumed by the 
hypothenuse becoming bent, is called a cylindric spiral. 

From this definition it is obvious, that of the two sides about the 
right angle of the triangle thus bent, the one which falls upon the 
circumference will be an arc of a circle, having the same radius as the 
cylinder, and the other a straight line parallel to the axis. 

II. The axis of the cylinder is also called the axis of the spiral. 
in. The radius of the cylinder is called the radius of the spiral, 

IV. If the limber surface be unrolled so as to coincide with a plane, 
the figure again resumes its triangular form, and is called the triangle 
of devdopment, 

V. The side of the triangle, which was applied to the circumference 
of the base of the cylinder, is called the base of devdopment. 

VI. The side of the triangle which was parallel to the axis of the 
cylinder, is called the perpendioular of development 

VII. The hypothenuse is called the devdopment of the spiral line. 

VIII. If a straight line be supposed to move perpendicular to the 
axis of a cylindric spiral, continually touching the spiral, the surface 
generated is called a spiral swrface, whether it lies between the axis 
and the spiral line, or on the other side of the spiral line. 

If another cylindric surface, about the same axis, be supposed to 
intersect the spiral surface, the line of intersection of the two sur&ces 
will be another spiral, of which the triangle of development shall 
have its perpendicular equal to the perpendicular of the triangle of 
development of the first spiral, and the lengths of the bases of the 
two developments will have the same ratio to one another as the 
radii of their respective cylindric surfaces. 

IX. In the triangles of development of the two spirals belonging 
to the same spiral surl^ce, the difference of the angles made in each 
by the hypothenuse and perpendicular is called the an^ ofihe tmnsi. 
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ENERAL PRINCIPLES. 

If a spiral surface be cut by a plane, either perpendicular to or 
passing along the axis, the section will be a straight line perpendicular 
to the axis. 

If a cylinder be cut by a plane obliquely to its axis, one straight 
line on the cutting plane will be perpendicular to, or make a right 
angle with the axis ; and this line is the semi-axis minor of the ellipse, 
which is the section of the curved surface. 

If a spiral surface be cut by a plane parallel to the axis of the 
cylinder, the section will be a curve, excepting in the case in which 
the straight line drawn in the cutting plane perpendicular to the axis 
meets the spiral surface. 

If a spiral surface be cut by a plane obliquely to the axis of the 
cylinder, the section will be a curve of contrary flexure ; and if the 
spiral surface be cut by another plane passing along the axis perpen- 
dicular to the first plane, the section which is a straight line will 
intersect the curve of contrary flexure in the point of retrogression. 

Prob. XVI. — To find the projections of one or more revolutions of 
two spiral lines, which comprise a spiral surface between them, on a 
plane parallel to the axis of the cylindric surfaces. 

Let A EIJ, KO S Ty (Fig. 1), be circles, of which their centres is 
F, and their diameters respectively equal to the diameters of the 
greater and less cylindric surfaces. Divide the circumference of the 
greater circle into as many equal parts, A B, B C, C D, &c. as the 
number of points to be found in the projection of each spiral in one 
revolution. From the points A, B, C, &c. of division, draw lines 
tending to the centre V, meeting the circumference of the less circle 
in K, Ly My &c. which will also divide its circumference into the same 
number of equal parts as the greater circumference. In the same 
straight line, with the centre F, draw TF X to represent the axis. 
In TF -3r make W Y equal to the length which the axis will have in 
half a revolution, and draw a k in 2k straight line with TF, perpendi- 
cular to W X, Divide TF Y at the points 1, 2, 3, &c. into eight 
equal parts, the number of points to be found in half a revolution ; 
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and throTigli the points 1, 2, 3, &c. draw the lines h I, c m, d n^ &c. 
parallel to a k. Draw A a, B b, C c, &c. parallel to W X, and from 
the point a, draw a curve through 6, c, dy &c. which will he the 
projection of the exterior cylindric spiral. Draw K k, L l, M m, &c. 
also parallel to W X, and from the point k, draw another curve 
through the points I, m, n, &c. which will be the projection of the 
spiral of the interior cylindric surface. 

In Fig. 2, draw the straight line P E, and draw P perpendicular 
to P E. Make P equal to the length of four parts along the axis ; 
make P B equal to the arc A B C D E of b, quarter of the circum- 
ference of the exterior cylinder, and draw E, In P E make P Q 
equal to the ^TcKLMNOofA quarter of the circumference of the 
interior cylindric surface, and draw Q 0; then the angle Q E ia 
the angle of the twist. 

The curve eag (Fig. 3), drawn as shown from the adjacent quadrant 
A B C D EfiB the same as the curve u i h g f o (No, 2) found by 
projection, and the curve k Q, drawn as shown from the adjacent 
quadrant K L M N 0, is the same as the inner curve u s r g p o. 
Each of the curves thus drawn by means of a quadrantal arc, is called 
the figure of the sines, or a sinical curve ; therefore the projection of a 
Bpiral line is either a sinical curve, or formed by two or more sinical 
curves. 
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OBSERVATIONS. 



The construction of the spiral surface, now explained, will be 
truly exemplified in a spiral stair, supposing tlie plan to consist of 
sixteen steps in the whole circumference. The length of the axis cor^ 
responding to this number, will be sixteen times the height of one 
step. A curve line drawn upon the cylindric surface of the wall^ 
through the points of intersection of the lines in which the sides 
forming the interior angles of the steps meet each other, will form 
the spiral line upon the concave cylindric surface of the wall of the 
stair ; and if another concentric cylindric surface, of which the radius 
is equal to that of the inner circle of the plan, be supposed to exist, 
a curve line drawn upon the convex surface through the points of 
intersection of the lines in which every two sides forming the interior 
angles of the steps meet each other, will form the other spiral line 
next to the well4iole. 

In this manner the spiral pump, the invention of which is attri- 
buted to Archimedes, may be constructed, 

Prob. XYII. — Given the angle of revolution of a spiral surface, the 
radius, and the length of each spiral, to find the projection of the 
spiral surface, and to find the angle of the twist. 

Draw the straight line V A (Fig. 1). Make V A equal to the 
radius of the outer spiral, and V K equal to that of the inner spiral. 
From the centre F, with the radius V Ay describe the circle A E T, 
and make the angle AVI equal to the angle of revolution. From 
the centre F, with the distance F K, describe the sxc K S, meet- 
ing F J in aS'. Divide the bxc A E I into any convenient number of 
equal parts, as here into eight. In this example the number of parts 
are even. Through the middle E draw F E, and draw P Q perpen- 
dicular to F E. Let the points of division in the sxc A E IheB, C, 
D, &c. Draw the straight lines B L, C M, D N, &c. radiating to 
the centre F, meeting the inner arc K S ia the points i, M, JV, 
&c. Prolong V E to Z, and make E Z equal to the length of the 
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spiral. Divide E Z into as man j eqnal parts as the 9xt A E Ij viz. 
eight, and through the points 1, 2, d> &c. draw the straight lines 
Ih^m c,ndy &c. parallel to P Q. Draw A a, B b^ C c, &c. per- 
pendicular to P Q, so that A a may meet P Q in a. Also perpendi- 
cular to P Q draw Kk, L I, Mm, &c. so that Kk maj meet P Q in 
L From the point a, through the points 6, e, d, &c, draw the curve 
line ah od efg h i ; and from the point k, through the points 2, m, n, 
&c. draw the curve line k Im e p q r $; and these curves are the 
projections of the two spirals which comprise the spiral sur£M)e. 

In Fig. 2, draw U X and U Y perpendicular to {7 X. Make 
U T equal to four parts of E Z, Make U X equal to the length of 
the arc A E, and in U X make U W equal to the length of the 
arc K 0. Draw F -T and Y W; then PT F X is the angle of 
the twist. 

K a straight line were a tangent to the curve a 6 ^ at the point e^ 
(Fig. I), and another straight line a tangent to the curve k e $ 9X the 
same point e, the opposite angles made by these two straight lines 
would be equal to the angle of the twist. 
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SECTION IV -ON THE TRIHEDRAL. 



DEFINITIONS. 

I. The solid angle made by three plane angles is called a trihedral. 
Thus, the three faces of a triangular pyramid is a trihedral. 

II. The angle made by two plane faces of a solid is called a dihedral 
angle. The measure of a dihedral angle is the angle contained by 
the straight lines, one drawn upon each face perpendicular to the 
line in which the two faces meet from the same point. 

III. If two of the faces of a trihedral be perpendicular to each 
other, the trihedral is called a right trihedral. 

IV. The angle made by the edges of any face is called the angle of 
that face. 

V. The two faces which are perpendicular to each other are called 
the right faces, and the remaining face is called the Miqyfsface. 

VI. The edge between the two right faces is called the right edge, 
and the other two edges are called the oblique edges. 

If a trihedral be cut by a plane perpendicular to one of its oblique 
edges, the section shall be a right-angled triangle, and each of the 
three sectional lines shall be perpendicular to one of the two lines 
which contain the angle of the face cut by that sectional line, viz. 
two of the sectional lines shall be perpendicular to the edge to which 
the cutting plane was perpendicular, and the remaining sectional line 
upon the opposite face perpendicular to the right edge. 

Hence, the three triangles made by the sectional triangle, and the 
sectional triangle itself, shall be all right-angled triangles. 

VII. The oblique edge to which the cutting plane is perpendicular, 
is called the adjacent edge. 

VIII. The right face, which has the adjacent edge for one of the 
lines containing the angle of that face, is called the adjacewt fa^ye. 

IX. The fece opposite the adjacent edge is called the opposite 
face. 
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The trihedral consists of five parts, viz. the angles of the three 
faces and the two acute dihedral angles. Any two of the five parts 
being given, the three remaining parts may be found, the cases 
being similar to those of a right-angled triangle. 

GENERAL PRINCIPLES. 

In every case it is necessary to make one of the right faces the 
adjacent face. When a dihedral angle is a given or required part, 
the right face adjacent to the dihedral angle must be the adjacent 
fece, and the other opposite to this angle the opposite face. 

The sectional line upon the adjacent face must always be perpen- 
dicular to the adjacent edge, and the sectional line upon the opposite 
jEace perpendicular to the right edge ; moreover, the sectional line 
upon the oblique face must, as well as the sectional line upon the 
right face, be perpendicular to the adjacent edge. 

K any two parts of a right trihedral be given, the like parts of the 
sectional triangle may be found ; and if the like parts of the sectional 
triangle be given, the remaining parts of the trihedral may be found. 

When the angles of two faces of a trihedral are joined together, so 
as to make one angle equal to their sum, these angles must either be 
the angles of the two right faces, or the angles of the oblique and 
adjacent faces, or the angles of the oblique and opposite faces. In 
any of the three cases, the radius must always be made upon the 
connecting line. 

It would occupy too much space to explain the properties of all 
the cases of the trihedral, which are six in number ; we shall, there- 
fore, only give the propositions in which the two right faces are 
concerned, being absolutely necessary. 

PROPOSITION L 

The angle of the oblique face is equal to the acute angle of a right- 
angled triangle, contained by the two lines, of which one is equal to 
the co-sine of the angle of the adjacent face, and the other equal to 
the secant of the angle of the opposite face. 

PROPOSITION IL 

The two sides of the sectional triangle, which contain the right 
angle, shall be respectively equal to the sine of the angle of the 
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adjacent face, and the tangent of the angle of the opposite fece ; and 
the dihedral angle of the trihedral shall be equal to the angle of the 
sectional triangle, contained by the hypothenuse, and the side equal 
to the sine of the angle of the adjacent face. 



REMARK. 

An angle is generally known to the mason by the name of a bevel, 
and is transferred from one place to another by means of an instru- 
ment of the same name, which is so well understood by workmen as 
not to require description. Bevels are, however, of two kin#3, one of 
which is drawn upon a surface, and the other is the angle made by 
two STirfaces, which we have here called a dihedral angle. It must 
be observed that, in taking this angle, when the two legs of the bevel 
are sufficiently extended, the inner angle, in which the inner edges 
meet, must rest upon the arris of the stone, with one of the inner 
edges upon the one surface, and the other upon the other sur&ce, 
while each edge of the bevel is perpendicular to the arris of the stone. 
The same is to be observed in working one surface, the other being 
already wrought. 

A dihedral angle may be either greater or less than a right angle ; 
but if the acute angle be given, the obtuse angle will be found by 
deduction or subtraction, as it is the complement of two right 
angles. 
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Prob. XIX. — Given the angles of the two right faces of the trihedral, 
to find the angle of the oblique face. 

Let F A Ky F A J, be the angles of 
the two right faces, F A K being the 
angle of the adjacent face, and therefore 
F A J the angle of the opposite fece. 

From any convenient point (r, in the 
right edge A F, draw G I intersecting 
the adjacent edge A K perpendicularly 
in jET, and draw G E perpendicular to 
A Fy meeting ^ J in ^. From the 
point Ay with the distance A E, cut 
H I m I, and through / draw A L ; 
then the angle K AL or jET -4 / is the 
angle of the oblique face. 

For by making A G radius, G fl" being 
perpendicular to ^ jET, -4 jET is the 

co-sine of the angle G AH of the adjacent face ; and G E being per- 
pendicular io A G, A E 'v& the secant of the angle G A E oi the 
opposite face. But A lis equal to ^ ^; therefore the angle H A I 
of the right-angled triangle A H I being contained by the sides A H, 
A I, respectively equal to the co-sine of the angle of the adjacent 
face, and the secant of the angle of the opposite face, is equal to the 
angle of the oblique face. 

ILLUSTRATION. 

Suppose the plane of the triangle A G E tohe raised perpendicu- 
lar to the plane of the triangle F A K, and the triangle H Alto he 
turned upon A H &8 b. hinge, until the point / fdl upon E, and the 
straight line A I or AL upon A E or A J ; and the three plane 
angles thus united will form the trihedral solid angle, and the ends of 
the three feces will be a right-angled triangle, and is what is here 
called the sectional triangle. — See the demonstration, Prob. XXI, 

REMARK. 

Let F A Khe the angle which the upper edge of the hip-rafler of 
a roof makes with its base in a vertical plane, A iT being the hip-line. 



DUGRAM.] 



INTRODUCTION. 



TTT11I 



and A F the base or plan ; and let F A J be the angle which the 
base of the hip-line makes with the edge of the wall-plate in a 
horizontal plane ; then K ALis the angle which the hip-line makes 
with the wall-plate. 

The method of finding the angle of any face having the angles of 
the other two faces given, or of finding a third part, two parts being 
given, will be found in my Book of Dialling, pages 3, 4, 5, 6, in which 
the equations are investigated. 

Prob. XX. — Given the angles of the two right faces, to find the 
dihedral angle adjacent to one of them. 

Let F AKyF A J,\ie the angles of 
the two right faces, F AK being the 
angle of the adjacent face, and therefore 
F A J the angle of the opposite face. 
From any convenient point G, in the 
right edge A F, draw G fi" intersecting 
the adjacent edge A K perpendicularly 
in Hy and draw G E perpendicular to 
A F, meeting ^ J in ^. In A F make 
G equal to G H; join OF; and the 
angle G E ia the dihedral angle 
required, 

DEMONSTRATION. 

For by making A G radius, G H being perpendicular to A H, G H 
is the sine of the angle FA K or GAHof the adjacent face, and GE 
being perpendicular to A G, G E is the tangent of the angle G A E 
of the opposite face ; but G is equal to GH; therefore 6r is equal 
to the sine of the angle of the adjacent face ; hence the two sides G 0, 
G Ey which contain the right angle of the sectional triangle G E, 
are respectively equal to the sine of the angle of the adjacent face, 
and the tangent of the angle of the opposite face ; and the dihedral 
angle equal to the angle G E contained by the hypothenuse, and 
the side G equal to the sine of the angle of the adjacent face. 




OR THUS. 

For let the plane containing the angle G A H or F A K he raised 
upon the straight line ^ JP as a hinge, until it becomes perpendicular 
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to the plane contaming the angle F AJ ot O AE^ and let the plane 
containing the triangle (? J5? be made to revolre npon the line G E 
until the side G fall upon GH; and because G^ is equal to G jET, 
the point will coincide with the point H; therefore the straight 
line E will coincide with a straight line drawn from Hio E; and 
because the point H is on one edge of the oblique face, and the point 
E on the other edge, the straight line E will be on the oblique fe,ce 
perpendicular to the adjacent edge A K; and because E and H G 
are drawn, one in the plane of the oblique face, and the other in the 
plane of the right face, each perpendicular to A K, the line of com- 
mon section of these two planes, the angle G E is the dihedral 
angle required. 

BEMABE. 

Let F A Khe the angle which the upper edge of the hip-rafter of 
the roof makes with its base in a vertical plane, A K being the hip- 
line and A F its base or plan ; and \ei F A J be the angle which the 
base of the hip-line makes with the edge of the wall-plate in a hori- 
zontal plane ; then G E ot F E xsihB dihedral angle of the back. 



Prob. XXI. — Given the angles of the two right faces to find the 
angle of the oblique face, and the dihedral angle adjacent to either 
of the right faces, in one operation. 



Let 1^ ^ JS^ be the angle of the adja- 
cent face, and therefore FA •/the angle 
of the opposite face. 

From any convenient point Cr, in the 
right edge A F, draw G /, intersecting 
the adjacent edge A K perpendicularly 
in Hy and draw G E perpendicular to 
A F, meeting A J in E ; from the 
point A with the distance A E, cut H I 
in /; through / draw A L; then the 
angle KALoTHAIisihB angle of 
the oblique face. 

In A F, make G equal G H; join 
E; and the angle GOEis the dihedral 
angle required. 
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DEMONSTRATION. 

For A lis eqnal to A E, and G equal to G H. 

Let A l^nA E=a, G E=b, and G 0=:0 fl=c 

Then by Euclid, Book 1, Proposition 47 : 

A G'^A E^'-G E^^a^-^^ 
A H^=A G^—G jy>=a«— *«— c« 
H P^A P^A ^>=:a»— (a«— *«— c«)=:6»-f-c' 
OE^=E G'+O G»=6»4-c« 
Therefore H Hb equal to E. 

Suppose the plane containing the angle G A H or F A JTtobe 
revolved upon the straight line A F, until it becomes perpendicular 
to the plane containing the angle F A J ot G A E, and let the 
plane containing the angle G Ehe revolved upon the straight line 
G E until the edge G fall upon G H; and because G is equal 
to G H, the point will coincide with the point H, and the straight 
line E will, by hypothesis, be perpendicular to ^ JT at the point H; 
moreover, let the plane containing the angle K AL or H A I revolve 
upon K A, until the edge A I or A L fall upon the plane containing 
the angle F A J oi G A E, and because HI is perpendicular to A K, 
and E is, by hypothesis, also perpendicular to -4 JT from the point 
jET, the straight line H I will Ml upon E; and because H I ib 
equal to E, the point / will fall upon E, and the ertraight line A I 
upon A E. 

Prob. XXIL — Given a dihedral angle of the trihedral, and the angle 
of the adjacent face, to find the angle of the opposite &ce. 

Let F A K hQ the angle of the adjacent 
fece, A K being the adjacent edge, and con- 
sequently A F the right edge. 

In ^ F take any convenient point G, and 
draw G H intersecting A K perpendicularly 
in fi JxlAF make G equal to G Hy and 
make the angle G E equal to the given 
dihedral angle. Draw G E perpendicular to 
A G, and through E draw A J, and the angle 
F AJto the angle of the opposite &ce. 
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For making A G radius, 6 jETis the sine of the angle of the adja- 
cent face ; but G is equal to G JJ, and the angle G E of the 
right-angled triangle G ^ is equal to the dihedral angle of the tri- 
hedral ; and having the side G O and an angle equal to the given 
dihedral angle of the trihedral, viz. a side and one of the acute angles, 
a right-angled triangle is easily constructed, as already done in con- 
structing the triangle G E; but A G being radius, G E ifi the 
tangent of the angle G A E; therefore the two sides G, G E, 
"which contain the right angle G Ey are respectively equal to G H, 
the sine of the angle G A H of the adjacent face, and to G E, the 
tangent of the angle of the opposite face ; therefore the right-angled 
triangle G E ia the sectional triangle. 



Pros. XXIII. — Given a dihedral angle of the trihedral, and the angle 
of the adjacent face, to find the angle of the opposite face and the 
angle of the oblique face, in one operation. 



Let F A K he the angle of the adjacent 
face, A K being the adjacent edge, and con- 
sequently A F the right edge. 

In AF take any convenient point G, and 
draw G I intersecting A K perpendicularly 
in B.; in -4 1^ make G equal to G JJ, and 
make the angle G E equal to the given 
dihedral [angle ; draw G E perpendicular 
to A G, and through E draw A J ; and the 
angle F A J hs the angle of the opposite 
face. 

From Ay with the distance A Ey cut HI 
in J, and through / draw AL; and the angle 
K AL^ the angle of the oblique &ce. 
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SECTION V. 

ON THE USE OF THE TRIHEDRAL. 

Given a semi-ellipse, which is the section of a semi-cylinder cut by a 
plane obliquely to the axis, but perpendicularly to the horizontal 
plane passing through the axis and the angle of obliquity, to find 
the dihedral angle made by the plane of section, and a plane 
touching the surface of the cylinder at a given point. 

Let P Q i^^be the semi-ellipse, P R the axis-major, and 8 the 
centre^of the curve ; and \q% P S T be the angle which the axis 
makes with the plane of section. Make A K z, tangent to the curve 
at the point A.* Draw A F parallel to P E, and A J parallel to JS T. 
Suppose now the plane containing the angle F AJtohe raised upon 
the straight line -4 1^ as a hinge, until it becomes perpendicular to the 
plane of section P Q B; then the straight line A J shall be parallel 
to the axis, and in the curved surface of the cylinder. 

It is now evident that the angles FAKyFAJ, may be considered 
to be the angles of the two right faces of a trihedral, and the angle 
made by the two right lines AJ^AK, in this position, is the angle of 
the oblique face, which will touch the surface of the cylinder in the 
straight line A J; moreover, the angle made by the plane F AK and 
the plane of the oblique face shall be the dihedral angle required. 
Hence we have given the angles F AK, F AJ,oi the two right faces 
of the trihedral, to find the dihedral angle adjacent to the right face 
F A^K; we therefore proceed by Prob. XX, thus : — 

From any convenient point G, in the straight line A Fy draw G H 
intersecting the adjacent edge A K perpendicularly in H, and draw 
G J^ [perpendicular to A Fy meeting AJmE; m A F make G 
equal to G H; join E; and the angle G J^ is the dihedral angle 
made by the plane of section, and the plane touching the curved sur- 
fjBwe of the cylinder at A, 

;.• Join A R, and bisect A R m m; draw R n perpendicular to S R; join S m, 
whicli prolong to n, and join nA; and nAfOrnA prolonged, is a tangent to the ellipse 
at the point A. 
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OBSERVATIONS. 

It is evident that towards the middle point Q of the curve, the 
angle F A K is continually diminishing, and at Q will be nothing ; 
hence the dihedral angle made hj a tangent plane at Q, and the plane 
of section P QJR, will be a right angle, and that on the other side of 
the point Q the dihedral angles continually increase towards P; so that 
any dihedral angle between P and Q is equal to the supplement of 
the dihedral angle in the curve R Q, at the same distance firom B as 
the point between P and Q is from P. 

This problem is applied to the oblique arch for cutting the heads 
of the stones in the faces of the arch, observing that one of the sides 
of the angle must be a curve instead of a straight line, which must 
be a tangent to the curve at the point in which the two lines meet. 
This will be shown in its proper place. 

The trihedral here treated is a pyramid, which has the angle made 
by two of its feces in planes perpendicular to each other. 

If such a trihedral be cut by a plane perpendicular to one of its 
oblique edges, the section shall be a right-angled triangle, and each of 
the three sectional lines shall be perpendicular to one of the two lines 
which contain the angle of the fece cut by that sectional line, viz. 
two of the sectional lines shall be perpendicular to the edge to which 
the cutting-plane was perpendicular, and the remaining sectional line 
upon the opposite face perpendicular to the right edge.* 



* I haye called this kind of trihedral a right trihedral ; but a correspondent, 
who signs himself W. H. B., in the " Civil Engineer and Architect's Journal/' 
page 152, has erroneously transcribed from a paragraph following Def. 6, page zxiii, 
Railway Masonry, first edition, ''Ha trihedral be cut by a plane perpendicular to one 
of its oblique edges, the seotjon shall be & tight angle," leaviag out the port that 
woBldnukfiseiise. 
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SECTION YI -PRELIMINARY CALCULATIONS. 

TABLE OF THE LENGTHS OF CIBCULAE AECS. 

In the execution of oblique arches, it is nec^sary to find the 
development of the intrados ; but before this development can be 
made, it is necessary to find the length of the circular arc, which is a 
section of the cylindric centre perpendicular to the axis. There are 
no rules by which the length of a circular arc can be found with 
sufficient exactness. The following table, which I computed early in 
the year 1827, contains a series of circular arcs in all proportions — 
That is to say, if an arc of a circle is required to be executed, which 
shall have a given chord or span, and a given height not exceeding 
half the chord, an arc will be found in tables which shall have the 
same proportion ; then, because the corresponding lines of similar 
figures are proportional, it will be, as the chord of the tabular arc is 
to the chord of the required arc, so is the length of the curve of the 
tabular arc to the length of the curve of the required arc. But as the 
tabular arcs have their chords equal to unity, it will be, as the chord 
of the given arc is to its height, so is unity, the length of the chord 
of the tabular arc, to the height of the tabular arc ; then as unity, 
the chord of the tabular arc, is to the length of the tabular arc, so is 
the given chord to the length of the corresponding arc ; and thus we 
have only to multiply the length of the tabular arc by the given 
chord, and the product is the length of the arc required. By attend- 
ing to the following Problem, the greatest exactness will be attained 
in finding the length of the curve : — 



Height Length of Height Leogth of Height Length of Height Length of Height Lenpth of 
of arc. arc. of arc. arc. of arc. arc. of arc. arc. ot arc. are. 



•080 
•081 
•082 
•083 
•084 
•085 
•086 
•081 
•088 
•089 
•090 
•091 
•092 
•093 
•094 
•095 
•096 
•097 
•098 
099 
•100 
•101 
•102 
•103 



1.01698 
1^01Y41 
1-01Y84 
J -01827 
101871 
1-01916 
1-01961 
1-02006 
1-02051 
1-02099 
1-02146 
1-02194 
102242 
1-02291 
1-02340 
1-02389 
1-02440 
1-02490 
1-02642 
1-02594 
1^02646 
1^02698 
102752 
1^02806 



•104 
•105 
-106 
-107 
-108 
•109 
•110 
-111 
•112 
•113 
-114 
•115 
•116 
-117 
•118 
-119 
-120 
•121 
•122 
•123 
•124 
•125 
•126 
•127 



1-02860 
1-02915 
1-02970 
103026 
1-03082 
103139 
1-03196 
1-03254 
1-03312 
103371 
1-03430 
1-03490 
1-03550 
1-03611 
1-03672 
1-03734 
1-03797 
1-03860 
1-03923 
1-03987 
1-04051 
1-04116 
1^04181 
104247 



•128 
•129 
•130 
•131 
■132 
-133 
-134 
•135 
•136 
•137 
•138 
•139 
•140 
•141 
•142 
-143 
-144 
•145 
-146 
•147 
•148 
-149 
•150 
•151 



104313 
1^04380 
1-04447 
1-04515 
1-04583 
1-04652 
1-04721 
104791 
1-04861 
104932 
1-05003 
1-05075 
1-05147 
105220 
1-05293 
1-05367 
1-05441 
1-05616 
1-05591 
1-06667 
1-05743 
1^05819 
1-06896 
1-06973 



•152 
•153 
•164 
-165 
-166 
•157 
-158 
-159 
-160 
•161 
•162 
•163 
•164 
•165 
-166 
-167 
•168 
•169 
•170 
•171 
•172 
•173 
•174 
-176 



1-06051 
1-06130 
1-06209 
1-06288 
1-06368 
1-06449 
1-06530 
1-06611 
1-06693 
1-06775 
106868 
1-06941 
107025 
107109 
1^07194 
1-07279 
1-07366 
1-07461 
1-07637 
107624 
1-07711 
1^07799 
1-07888 
1^07977 



•176 
•177 

•178 
-179 
-180 
•181 
•182 
•183 
•184 
•186 
•186 
•187 
•188 
-189 
•190 
•191 
-192 
•193 
•194 
•195 
•196 
•197 
•198 
•199 



1^08066 
108166 
1-08246 
1-08337 
1-08428 
1-08519 
1-08611 
1-08704 
1-08797 
1-08890 
1-08984 
1^09079 
109174 
1^09269 
109365 
1^09461 
1^09667 
1^09654 
1^09752 
1-09860 
109949 
1-10048 
1-10147 
M0247 
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TABLE OP THE LENGTHS OF CIRCULAR ARCS CONTINUEE 


K 


Height 
of are. 


Length of 
arc. 


Height 
of arc. 


Length of 
arc. 


Height 
of arc. 

•321 


Length of 
arc. 


Height 
of arc. 


Length of 
are. 


Height 
of arc. 


Length of, 
arc. 


•200 


1-10348 


•261 


117275 


125539 


•381 


1^35068 


•441 


1-46697 


•201 


1-10447 


•262 


117401 


•322 


1-25686 


•382 


136237 


-442 


1-45883 


•202 


1-10648 


•263 


M7527 


•323 


1-25836 


•383 


1^35406 


-443 


1-46069 


•203 


1-10650 


•264 


117656 


•324 


1-25987 


•384 


1-35576 


•444 


1-46256 


•204 


110752 


•265 


1-17784 


•325 


1-26137 


•385 


1-36744 


•446 


1-46441 


•206 


110865 


•266 


M7912 


•326 


1-26286 


•386 


1-35914 


•446 


146628 


•206 


1-10958 


•267 


118040 


•327 


1-26437 


-387 


r36084 


•447 


r46816 


•207 


111062 


•268 


1^18162 


•328 


1^26688 


•388 


136254 


•448 


r47002 


•208 


111166 


•269 1-18294 


•329 


1-26740 


•389 


1-36425 


•449 


1^47189 


•209 


M1269 


•270 : 118428 


•330 


1-26892 


•390 


1-36696 


•460 


1-47377 


•210 


M1374 


•271 1 1-18557 


•331 


1-27044 


1 391 


1-36767 


•451 


1-47566 


•211 


1^11479 


•272 ' 1-18688 


•332 


127196 


1 392 


1-36939 


•462 


1 •47753 


•212 


1-11684 


•273 


1-18819 


•333 


1^27349 


1 -393 


1-37111 


•453 


1-47942 


•213 


111690 


•274 


118969 


•334 


127602 


I -394 


1-37283 


•454 


1-48131 


•214 


111796 


•276 


ri9082 


•336 


1-27656 


I -395 


1-37456 


•455 


1^48320 


•215 


111904 


•276 


119214 


•336 


1-27810 


-396 


1-37628 


•456 


1-48609 


•216 


1^12011 


•277 


119345 


•337 


1-27964 


1 -397 


137801 


•457 


1-48699 


'211 


1^12118 , 


•278 


ri9477 


1 338 


1-28118 


1 -398 
1 -399 


1-37974 


•458 


1-48889 


•218 


112226 


•279 


119610 


•339 


128273 


1-38148 


•459 


1^49079 


•219 


112334 


•280 


119743 


•340 


128428 


•400 


1-38322 


•460 


1-49269 


•220 


1-12445 


•281 


1-19887 


•341 


1-28583 


•401 


1-38496 


•461 


1-49460 


•221 


1-12656 


•282 


1-20011 


•342 


1-28739 


1 -402 


1-38671 


•462 


1-49661 


•222 


112663 


•283 


1-20146 


•343 


1^28895 


-403 


1-38846 


•463 


1-49842 


•223 


1-12774 


•284 


1-20282 


•344 


129052 


-404 


1-39021 


-464 


1-50033 


•224 


1-12886 


•285 


1-20419 


•345 


1-29209 


•405 


139196 


-465 


1-50224 


•226 


1-12997 


•286 


1-20558 


•346 


129366 


•406 


139372 


-466 


1-50416 


•226 


1-13108 


•287 


1-20696 


•347 


129523 


•407 


139548 


•467 


1-50608 


•22Y 


1-13219 


•288 


1-20828 


•348 


1-29681 


•408 


139724 


•468 


1-50800 


•228 


1-13331 , 


•289 


1-20967 


•349 


r29839 


•409 


139900 


-469 


1-50992 


•229 


113444 1 


•290 


1-21102 


•350 


129997 


-410 


1^40077 


•470 


1-51186 


•230 


1-13557 


•291 


1-21239 


•351 


1^30166 


-411 


1.40254 


•471 


1-51378 


•231 


1-13671 1 


•292 


1-21381 


•352 


1-30316 


-412 


1-40432 


•472 


161571 


•232 


1-13786 


•293 


1-21520 


•363 


1-30474 


-413 


1-40610 


•473 


1-51764 


•233 


1-13903 1 


•294 


1-21668 


•354 


1-30634 


-414 


1-40788 1 


•474 


1-61958 


•234 


114020 ' 


•296 


1-21794 


•356 


r30794 


-416 


1-40966 ' 


•475 


1-52152 


•236 


114136 


•296 


r21926 


•356 


1-30954 


-416 


1-41145 


•476 


1-52346 


•236 


1-14247 1 


•297 


1-22061 


•357 


1-31115 


•417 


1^41324 


•477 


1-52541 


•237 


114363 


•298 


122203 


•368 


1-31276 


•418 


141503 


•478 


152736 


•238 


114480 


•299 


1-22347 1 


•369 


1-31437 


-419 


1-41682 


•479 


152931 


•239 


1-14597 1 


•300 


1-22495 ' 


•360 


1-31599 


-420 


1-41861 


-480 


163126 


•240 


114714 


■301 


1-22636 


•361 


1-31761 


■421 


1-42041 


-481 


1^53322 


•241 


1-14831 


•302 


1-22776 


•362 


1-31923 


•422 


1-42222 


•482 


1^63518 


•242 


1-14949 


•303 


1-22918 


•363 


1-32086 


•423 


1-42402 


•483 


1-53714 


•243 


116067 


•304 


1^23061 


•364 


1-32249 


•424 


1-42583 


•484 


1-53910 


•244 


1-15186 


•306 


1-23205 


' -365 


1-32413 1 


•426 


1-42764 


-485 


1-54106 


•245 


116308 


•306 


1-23349 


;366 


1-32577 


,•426 


1-42945 


•486 


1-54302 


•246 


116429 


•307 


1-23494 


1-367 


1-32741 


•427 


1-43127 


-487 


1-54499 


•247 


115549 


•308 


1-23636 


1-368 


1^32905 


•428 


1-43309 


•488 


1-54696 


•248 


116670 


•309 


1-23780 


1 -369 


1-33069 


1-429 


143491 


•489 


1-54893 


•249 


115791 


•310 


1-23925 


1 370 


1-33234 


1-430 1-43673 


•490 


1-55090 


•260 


116912 


•311 


1-24070 


h371 


1-33399 


•431 


143856 


•491 


1-55288 


•261 


116033 


•312 


1-24216 


•372 


1-33564 


•432 


1-44039 


•492 


1-55486 


•262 


M6167 


•313 


1-24360 


i-373 


1-33730 


•433 


1-44222 


•493 


1-65685 


•253 


116279 


•314 


1-24506 


•374 


1-33896 


•434 


1-44405 


•494 


1-55884 


•264 


M6402 


•315 


1-24664 


; -37.^ 


1-34063 


i -435 


1-44589 


•495 


1-56083 1 


•266 


116526 


•316 


1-24801 


i-376 


1-34229 


•436 


1-44773 


•496 


1 •56282 


•266 


1- 16649 


•317 


1-24946 


;-377 


1-34396 


•437 


1-44957 


•497 


156481 


•257 


1-16774 


•318 


1-25095 


'•378 


1-34563 


; ^438 


1-45142 


•498 


1-66680 


•268 


116899 


•319 


1-25243 


•379 


1-34731 


1439 


1-45327 


-499 


1-56879 


•269 


1-17024 


•320 


1-25391 


•380 


1-34899 


[•440 


1-46612 


-500 


1-67079 


•260 


1-17150 
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Prob. XXIV. — To find the length of the arc of a circle, the chord 
and height of the arc being given, but the height not to exceed 
half the chord. 

Divide the height of the arc by the chord to three places of deci- 
mals ; look in the table under " height of arc" for the number which is 
equal to the quotient ; from the next column under " length of arc" 
take out the opposite number, which will be the length of a similar 
arc to'that which is to be found, having unity for its chord ; multiply 
the tabular length of the arc by the given chord ; and the product is 
the length of the arc to that chord nearly. 

But if, after having divided the given height of the required arc by 
its chord, the quotient does not terminate in the third place of deci- 
mals, continue, if necessary, to find three more places of decimals ; 
look in the table under " height of arc" for a number equal to the 
three first quotient figures ; in the column on the right take out the 
opposite numbers corresponding to the first three figures and to the 
next greater ; multiply the difference by the three remaining figures 
considered as a decimal ; to the first three add the product to the 
length of the arc corresponding to the three first figures ; multiply 
the sum by the given chord ; and the product is the length of the arc 

required. 

EXAMPLE I. 

Kequired the length of an arc, of which the chord is 22 feet and the 
height 5 feet 6 inches ? 

22f.Xl2=264 inches, and (5ft. 6in.)Xl2=66 inches, 6G^264=-250 
exactly. 

The tabular length of the arc answering to the height -250 is 1*15912, 
and 22Xl-15912=25-50064, the length of the arc. 

EXAMPLE II. 

Required the length of an arc, of which the chord is 38ft. 9in. and 
the height 6 feet? 

Here 38ft. 9m.=465 mches, and 6ft.=72 inches, and 72-^-465= 
•154|838. 

The tabular length of the arc answering to 155, is 1*06288 

and the tabular length of the arc answering to 154, is 1 '06209 

Their difference is -00079 

•00079X-838=-00066, retaining only five places of decimals, 

and 106209X-00066=106275, 
,and 465Xl-06275-M2=:41-18156 feet, the answer. 
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EXAMPLE in. 

Required the length of an arc, of which the chord is 22f. 10' and 
the height 8 feet ? 

22f. 10'=274 inches, and 8f.=96 inches, and 96-f-274=-350|364. 

The tabular length of the arc answering to the height 351, is 1*30156 

and the tabular length of the arc answering to the height 350, is 1*29997 

Their difference is -00159 

•00159X*364=-00058, retaining ^ve places of decimals, 

and l-29997+-00058=l-30055, 

and lastlj, 274Xl-30055-M2=29*69589 feet. 

EXAMPLES FOR PRACTICE. 

1. Required the length of an arc, of which the chord is 23 feet and 
the height 6 feet ? Ans. 26*96934 feet. 

2. Required the length of an arc, of which the chord is 48 feet 9 
inches, and the height 14 feet 6 inches ? Ans. 59*53496 /ee^. 

3. Required the length of an arc, of which the chord is 17*374 feet 
and the height 6 feet ? Ans. 22*45815 feet. 

4. Required the length of an arc, of , which the chord is 15*2708 
and the height 4^ feet ? Ans. 18*14155 feet. 

5. Required the length of an arc, of which the chord is 19 feet and 
the height 6 feet ? Ans. 23*68426 feet. 

6. Required the length of an arc, of which the chord is 45*96 feet, 
and the height 14 feet 6 inches ? Ans. 57*3204 /ecf. 

7. Required the length of an arc, of which the chord is 19 feet, and 
the height 7 feet 1 inch ? Ans. 25' ^02^2 feet. 

8. Required the length of an arc, of which the chord is 19 feet and 
the height of the arc 6*8776 ? Ans, 25-06461 feet. 
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Prob. XXV. — Given the chord and height of an arc to find the 
radius of the circle. 

Let AB Che the arc, A C the chord, and 
E the centre. Draw the radius E B, bisect- 
ing the chord A C perpendicularly in D, and 
join C E, 

Let A=D C or D -4=half the chord, and 
azzD B, the height of the arc ; and let a!:=E C 
=zE B, the radius of the circle ; then will D £=a? — a. 

Then hj Euclid, Book I, Proposition 47 : — 
E C^=E D^-^-C D^ 
That is, a?«=(d?— a)«+A« 
Or a?»=^«— 2a of+a^-^-h^ 

Whence a?= =^( — f-a) 

2a a 



RULE IN WORDS. 

Divide the square of the half-chord by the height of the arc ; add 
the height of the arc to the quotient ; and half the sum is the radius 
of the circle. 

EXAMPLE. 

Given the chord 22 feet, and the height of the arc 5 feet 6 inches, 
to find the radius of the circle. 

Here 22-^-2=11 feet, the half-chord, and 5ffc. 6in.=5-5 feet. 

112=121, which, divided by 5' 5 feet, gives 22 for the quo- 
tient, 22-f5-5, and 27-5, and 27 5-f-2=13-76=13 feet 9 inches, the 
radius. 

EXAMPLES FOR PRACTICE. 

1. Required the radius of an arc, of which the chord is 38 feet 9 
inches, and the height 6 feet ? Ans. 34-2825 /ect 

2. Required the radius of an arc, of which the chord is 22 feet 10 
inches, and the height 8 feet ? Am. 12'U62feet. 
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3. Required the radius of an arc, of which the chord is 23 feet and 
the height 6 feet ? Ans. 14:'020S3feet. 

4. Required the radius of an arc, of which the chord is 48 feet 9 
inches, and the height 14 feet 6 inches ? Ans. 27*737 Q feet. 

5. Required the radius of an arc, of which the chord is 17*374 feet 
and the height 6 feet ? Ans, d'2SSQfeet 

6. Required the radius of an arc, of which the chord is 15*2708 
feet and the height 4^ feet ? Ans, 90792 feet. 

7. Required the radius of an arc, of which the chord is 19 feet and 
the height 6 feet ? Ans. 10*52008/^. 

8. Required the radius of an arc, of which the chord is 45*96 feet, 
and the height 14 feet 6 inches? Ans. 25*4596 /^e^. 

Prob. XXVI. — Given the radius of a circle, to find the height of an 
arc of that circle, the chord of the arc being given. 

Draw the straight line A C equal to the given 
chord ; from the points A and C, with the 
length of the given radius, describe arcs inter- 
secting each other in £; and draw the radius 
E B bisecting A C perpendicularly in Z> ; then 
D ^ is the height of the arc. 

BY CALCULATION. 

Join E A, and let E A=zE B=:r, A J)z=C D=h, and D Bzzzx ; 
then will D E=zr — x. 
By Euclid, Book I, Proposition XLVII:— 
AD^+DE^^EA^, 

Or A»+(»^-^)^=r', 
Or (^-a?)»=r»— y. 

Hence, t'-^x^ii^if — V), 
By changing the signs, x — r= — ^V(*^ — ^\ 

therefore, «:^r'^i>J(ir^^^li?). 

ARITHMETICAL RULE. 

From the radius subtract the square root of the difference of the 
square of the radius, and that of the half-chord, and the remainder is 
the height of the arc. 
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EXAMPLE I. 

Given the radius of a circle equal to 36 feet, and the chord of an 
arc of that circle equal to 4 feet, to find the height of the arc. 
Here 36'=:1296, the square of the radius. 
And 2'=: ^ 4, the square of the half-chord, 

1292, the difference of those squares. 
V(1292)=35-9444, the square root of the difference, 
36— 35-9444=0-0556, the height of the arc. 



EXAHPLE n. 

Given the radius of a circle equal to 726 feet, and the chord of an 
arc of that circle equal to 4 feet, to find the height of the arc. 
Here 726'=527076, the square of the radius. 
And 2*^ 4, the square of the half-chord, 

527072, the difference of their squares, 
V(527072)=725-9972, the square root of the difference. 
720— 725-9972=0-0028, the height of the arc. 



EXAMPLE FOR PRACTICE. 

Required the height of an arc of a circle of which the radius is 
10 feet, to a chord of 19 feet ? Ans. 6-87751. 
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Let the parallelogram A G Q H he the plan of an oblique arch. 
Two of the opposite sides, AH,GQ, are the lengths of the faces upon 
which the arch-way terminates, and the other two, A G, H Qy are the 
lengths of the springers or abutments. The acute angle A H Q, or 
A G Qyia that which is called the angle of obliquity. If a straight 
line be drawn from the vertex A of one of the obtuse angles, to meet 
the opposite springing line JJ Q, otH Q prolonged perpendicularly in 
C, the line ^ C is the width of the arch-way, and the line C H ib 
called the distance of obliquity ; for the less C H, the angle A H Q 
will be nearer to a right angle, and when C H is nothing, the 
angle AH Q will be a right angle, and consequently A H will coin- 
cide with A C. A straight line H B drawn to meet the opposite 
side G Q, prolonged perpendicularly in jB, is the distance between 
the two faces, or the distance between the front and rear elevations 
of the arch. 



Prob. XXVn. — Given the width of the arch-way, the angle of ob- 
liquity, and the distance between the two faces, to dyaw the plan of 
the arch. 

Draw the straight line A C, and make A C equal to the width of 
the arch-way. Make the angle CAR equal to the complement of 
the angle of obliquity ; thus, if the angle A H C he 50°, make 
C AH equal to 40°. Draw CH perpendicular to A C, and HR 
perpendicular to A H Make H E equal to the distance between the 
two faces of the arch, and draw B G parallel to A H, intersecting 
H C prolonged to Q. Draw A G parallel to JH" Q ; and the parallel- 
ogram AG, QH, is the plan of the aperture, A G, H Q, being the 
two springing lines, A H, G Q, the lengths of the faces. 



Prob. XXYIII. — Given the length of one of the faces, the angle of 
obliquity, and the distance between the two faces, to draw the plan 
of the arch-way. 

Draw the straight line A H, and make A jBT equal to the length 
of the given &ce. Make the angle A H Q ox A H C equal to the 
angle of obliquity. Upon A JTas a diameter, describe the semi-circle 
AC H intersecting H Q, or H Q prolonged in C, and join ACyCH. 
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Draw HE perpendicular to A Hy and make HR equal to the dis- 
tance between the two &ceB» Draw G B parallel i>o A H, and A G 
parallel to ^ Q^ and A G, QH, Ib the plan of the aperture of the 
arch. 

Pbob. XXIX. — Given the width of the arch-way, the distance of 
obliquity, and the distance between the two faces, to draw the plan 
of the arch. 

Draw the straight line A C, and make A C equal to the width of 
the arch-way. Draw C H perpendicular to A C, make C H equal 
to the distance of obliquity, and join A H. Draw HB perpendicular 
to A Hj and make H B equal to the distance between the two £Eices. 
Through B draw G B parallel to A H intersecting H C, ot H C pro- 
longed in Q. Draw A G parallel to H Q; and A G, Q H, is the 
plan. 

Fbob. XXX.^Given the width of the arch-way, the length of one of 
the &ces, and the distance between the two faces, to draw the plan 
of the arch. 

Draw the straight line A J7, and make A H equal to the length of 
the given face. Upon ^ J? as a diameter, describe the semi-circle 
A C H. From the point Ay with the width of the arch-way, cut the 
arc in (7, and join A C, C H, Draw H B perpendicular to A Jff, and 
H B equal to the distance between the two fiwes. Draw G B parallel 
to A jBT, intersecting H C,otH C prolonged in Q. Draw A G parallel 
to HQ; and AG, QH is the plan. 



EXAMPLES FOR PRACTICE. 

1. There is an oblique arch, of which the angle of obliquity is 76° 
42', the width of the arch-way 38*75 feet, the distance between the 
faces 26 feet, the length of one of the faces 39*82 feet ; to draw the 
plan of this arch, when its width, its angle of obliquity, and the dis- 
tance between its faces are given, and when its angle of obliquity, the 
length of one of its faces, and the distance between them are given, 
and when the width of its arch-way, the distance of its obliquity, and 
the distance between its faces are given. 
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2. There is an oblique arch of whicli the angle of obliquity is 50% 
the length of one of the faces 60 feet, the width of the arch-waj 45*96 
feet, and the distance between the two faces 28*75 feet ; to draw the 
plan of this arch when its angle of obliquity, the length of one of its 
faces, and the distance between them are given, and when the width 
of its arch-way, the length of one of its faces, and the distance between 
them are given. 

3. There is an oblique arch of which the angle of obliquity is 26° 
54', the length of one of the faces 42 feet, the width of the arch-way 
19 feet, and the distance between the two faces 14 feet ; to draw the 
plan of this arch when its angle of obliquity, the length of one of its 
feces, and the distance between them are given, and when the width 
of its arch-way, the length of one of its faces, and the distance between 
them are given. 

It will give great facility to the student to exercise himself in draw- 
ing the plans of oblique arches to the dimensions given in the first, 
second, and third of these examples, to a large scale, say one quarter 
inch to the foot, or 2^ inches to 10 feet. 

Figures 1, 2, 3, in order to be contained in the plate, are draym to 
a scale of which every half-inch contains 10 feet ; ^guie 1 is drawn 
according to the first of these proportions, figure 2 to the second, and 
figure 3 to the third. 

Figure 1, plan of the oblique arch at Gateshead, upon the Brandling 
Junction Railway. 

Figure 2, plan of one of the oblique arches of the bridge over the 
river Tees, at Croft, on the Great North of England Railway. 

Figure 3, plan of the oblique arch over the river Gaunless, near 
Hagger Leazes Lane. 
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SECTION V. 




ON THE MENSURATION OF THE SIDES AND ANGLES OF A RIGHT- 
ANGLED TRIANGLE, TWO PARTS BEING GIVEN. 

This may be divided into three cases. First, when the two sides 
are given, to find the third ; when the two sides are given, to find 
the angles ; and, thirdly, when a side and an angle are given, to find 
the remaining sides. 

Prob. XXXI. — Given any two sides of a right-angled triangle ABC, 
to find the remaining side. 

By Euclid, Prop. XLVII, Book 1, we have 
• AC^=:AB^+BC^ 

Or ^ jB»+5 0'=^ O^ 
Therefore B C'=A C'—A B\ 
And A B'=A C'—B €' ; 

Hence B a=zs/{A C'—A B^ 

And A B=m/{A C'—B C) 

EXAMPLE. 

Let A C he equal to 42 feet, and J5 C be equal to 19 feet, to 

find A B. 
Here, A 5=V(42«— 19^=V(1403)=37-4566. 

Each of the three straight lines which comprise the surface of a 
triangle is called a side of that triangle. In a right-angled triangle, 
the two sides which contain the right angle are called the legs, of 
which the one is opposite to one of the acute angles, and the other 
adjacent to the same angle. 

On the method of finding a side of a right-angled triangle, a side 
and an angle being given, or to find the angles when two sides are 
given. 

The trigonometrical table contains a series of numbers, amongst 
which will be found three numbers in the same ratio as the sides of 

k 
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any proposed right-angled triangle ; and if two acute angles, one in 
the tabidar triangle, and the other in the proposed triangle, be equal, ^ 
the sides about the equal angles will be proportional ; and, reciprocally, 
if two sides of the proposed triangle be proportional to two sides of 
the tabular triangle, the angles contained by these two sides of the 
proposed triangle shall be equal to the angle 
contained by the corresponding sides of the 
tabular triangle. The three sides of the tabular 
triangle are called the radius, sine, and co-sine ; 
the hjrpothenuse is called the radius, which, in 
the table of natural sines, is equal to 1 or unity ; 
therefore each of the other two sides must be 
less than 1. The leg of the tabular triangle which is opposite to 
an angle, is called the sine of that angle, and the leg of the tabular 
triangle which is adjacent to an angle, is called the co-sine of that 
angle. The tabular triangle which is similar to a proposed triangle, 
will be recognised when an angle of the proposed triangle is given. 
For instance, let the angle of a triangle be 36°, then the two sides of 
the tabular triangle which contain that angle are the radius equal to 1, 
and the co-sine equal to '80902 ; therefore, when one side of the pro- 
posed triangle is given, the other can be found ; and, moreover, the 
tabular triangle, which is similar to a proposed triangle, will be recog- 
nised when two sides of the proposed triangle are given. Suppose 
the hypothenuse and a leg opposite an angle to be given. In the 
triangle ABC, let the side 5 C be the leg opposite the angle A, 
and A B the side adjacent to the angle A, Now, then, writing roJ.^l 
for radius, sin» for sine, and cos. for co-sine, 

BC 

A C : B C :: rad. : sin. A:= , because rad.=l. 

AC 

AB 

A C: AB :: rad. : cos. A=z 

AC 

Therefore the leg of a right-angled triangle, which is opposite an 
angle divided by the hypothenuse, gives the sine of that angle ; and 
the leg of a right-angled triangle, adjacent to an angle divided by the 
hypothenuse, gives the co-sine of that angle. Therefore, when two 
sides of a triangle are given, the angles can be found. 
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m Prob. XXXII. — Given two Bides of a right-angled triangle, to find 
the angles by common arithmetic. 

• To do this by a table of natural sines^ the hypothenuse must be 
one of the given parts, therefore if the two legs are given, the 
hypothenuse must bet found by Prob. XXV ; hence, when any two 
of a right-angled triangle are given, the angles may be found. 
We shall therefore suppose the hypothenuse always to be one of the 
given parts. 

RULE. 

If one of the given sides be the leg opposite the angle, divide this 
side by the h3rpothenuse, and the quotient will be the sine of the 
angle ; and if one of the given sides be the leg adjacent to the angle, 
divide this side by the hypothenuse, and the quotient will be the 
co-sine of the angle, as has already been shown. 



EXAMPLE I. 

In the triangle ABC, are given the side B C equal to 17*374 
feet, and the hypothenuse A C equal to 22^063 feet, to find the angle 
A. Here 17*374-^22-083=-78688. 



By inspecting the table of natural sines, 
we find the two numbers 78676 and 78693, • 
the first less than the sine of 51° 53', and the 
second greater than the sine of 51° 54' ; and 
since, in our calculations, a minute is of very 
little consequence, we shall not be far wrong 
in calling the quantity which the angle A 
contains 51° 53'. 




EXAMPLE II. 

Given the side A B equal to 13*63 feet, and the hypothenuse A C 
equal to 22*083, to find the angle A. 

Here, 13•63-^22*083=:*61721, 

And in the table of co-sines, 61721 will be found to answer to 
51° 53'. 
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EXAMPLES FOR PRACTICE. 

In the right-angled triangle A B C,i£ the hypothenuse A Che the 
length of one of the faces of the arch, and the angle A the angle of 
obliquity, the opposite leg 5 C is the width of the arch-way, and the 
adjacent leg A B the distance of obliquity. See the construction of 
the plan of an oblique arch, page xlvi, and plate 12. 

Therefore, when the width of the arch-way, and the length of one 
of the faces are given, the quotient obtained by dividing the width of 
the arch-way by the length of the given face, shall be the sine of the 
angle of obliquity. 

And the quotient obtained by dividing the distance of obliquity by 
the length of the given face, shall be the co-sine of the angle of 
obliquity. 

1. Given the width of the arch equal to 17*374 feet, and the length 
of one of the faces equal to 22-083 feet, to find the angle of obliquity? 

Ans. 5r 53'. 

2. Given the distance of obliquity equal to 13'63 feet, and the 
length of one of the faces equal to 22*083 feet, to find the angle of 
obhquity ? Ans. 51° 53'. 

3. Given the width of the arch equal to 38*75 feet, and the length 
of one of the faces equal to 39*82 feet, to find the angle of obliquity ? 

Am. 76° 41'. 

4. Given the distance of obliquity equal to 9 feet 2 inches, and the 
length of one of the faces equal to 39*82 feet, to find the angle of 
obliquity? ^w^. 76° 41'. 

5. Given the width of the arch-way equal to 45*96 feet, and the 
length of one of the faces equal to 60 feet, to find the angle of 
obliquity? Am. 50°. 

6. Given the distance of obliquity equal to 38*57 feet, and the 
length of one of the faces equal to 60 feet, to find the angle of 
obliquity? Am. 50°. 

7. Given the width of the arch-way equal to 19 feet, and the 
length of one of the faces equal to 42 feet, to find the angle of 
obliquity ? Am. 26° 54'. 

8. Given the distance of obliquity equal to 37*4556 feet, and the 
length of one of the faces equal to 42, to find the angle of obliquity ? 

Am. 26° 54'. 
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9. Given the width of the arch-way equal to 22*833 feet, and the 
length of one of the faces equal to 27*003 feet, to find the angle of 
oliliquity ? Ans. 57° 44'. 

10. Given the distance of obliquity equal to 14*416 feet, and the 
length of one of the faces equal to 27*003 feet, to find the angle of 
obliquity ? Ans. 57° 44'. 

11. Given the width of the arch- way equal to 23 feet, and the 
length of one of the faces equal to 24*0416 feet, to find the angle of 
obliquity ? Ans. 73° 4'. 

12. Given the distance of obliquity equal to 7*009 feet, and the 
length of one of the faces equal to 24*0416 feet, to find the angle of 
obliquity ? Ans. 73° 4'. 

13. Given the width of the arch-way equal to 17 feet, and the 
length of one of the faces equal to 19*781 feet, to find the angle of 
obliquity? Ans, 59° 15'. 

14. Given the distance of obliquity, 10*1138 feet, and the length 
of one of the faces equal to 19*781 feet, to find the angle of 
obliquity? ^w. 59° 15'. 

Pros. XXXIII. — Given a side and an angle of a triangle, to find one 
of the two remaining sides. 

Suppose the leg of the tabular triangle, 
which is called the sine, to be parallel to the 
leg of the proposed triangle, which is oppo- 
site the angle, and the hypothenuse of the 
tabular triangle to be upon the hypothenuse 
of the proposed triangle, and the leg adjacent 
to the angle to fall upon the leg of the pro- 
posed triangle ; then in the tabular triangle, as the hypothenuse is 
called the radius, the leg opposite the angle the sine, and the leg 
adjacent to the angle the co-sine, the radius, sine, and co-sine, will 
form a triangle similar to the hypothenuse, the base, and the leg 
adjacent to the angle of the proposed triangle, as in the diagram. 

EXAMPLE I. 

Given the angle A equal to 26° 54', and the side A C equal to 42 
feet, to find the side B C. 
Rad. : sin. ^ :: A C : B C ; 
or 1 : *45243 :: 42 : 5 Cb:*45243X42=19*002, or 19 feet. 
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EXAMPLE II. 

Given the angle A as before, and the side A B equal to 37*4^5 
feet, to find the side B C. 
Cos. A: sin, A :: A B : B C ; 

•45243x37-455 

or -8918 : 45243 :: 37-455 : B Cm =19001, or 19 

•8918 
feet nearly. 

EXAMPLE III. 

Given the angle A, as at first, and the side A C equal to 42 feet, to 
find the side A B. 

Bad. :cos. ^ :: A C : A B ; 
or 1 :-8918 :: 42 : ^ 5— 8918+42=37*4556 feet. 

EXAMPLE IV. 

Given the angle A, as at first, and the side B C equal to 19 feet, to 
find the side A B, 

Sin, A : cob. A :: B C : A B. 

•8918X19 

•45243 : -8918 :: 19 : 5 J5= =37-454 feet. 

•4524 



EXAMPLE V. 

Given the angle A, and the side A By equal to 37*455 feet, to find 
the side A C 

Cos. -4:rad:: A B : A C. 

37-455 

•8918 : 1 :: 37^455 :^C= =41^99, or 42 feet nearly. 

•8918 



EXAMPLE VI. 

Given the angle A, as at first, and the side B C equal to 19 feet, 
to find the side A C, 

Sin, A :rad. :: B C : A C. 

19 

•45243 : 1 :: 19 : ^ C= =41^995, or 42 feet nearly. 

•45243 



b 
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EXAMPLES FOR PRACTICE. 

In such of these examples where the distance between the faces 
and the angle of obliquity are given to find the length of the spring- 
ing lines, the angle A of the triangle A B C ia 

equal to the angle of obliquity, the leg B C, ^^^ ^ 

opposite to A, is the distance between the two c \ "^-^ 
feces, and the hypothenuse A C is the length ^n^ 

of the springing lines, or length of each abut- • ^. 

ment. See figures 1, 2, 3, plate 12. ^ • 

It will therefore be — 

sin. A : cos. A :: B C : A B, the distance of obliquity, 

sin. A: 1 :: B C : A C, the length of each face, 

1 : sin. -4 :: -4 C : B C, the width of the arch-way, 
sin. -4 : 1 :: B C : A C, the length of each abutment. 

1. Given the angle of obliquity equal to 51° 53', and the width of 
the arch-way equal to 17*34 feet, to find the distance of obliquity ? 

Aru. 13'QO/eet. 

2. Given the angle of obliquity equal to 76° 42', and the width of 
the arch-way equal to 38*75 feet, to find the distance of obliqtdty. 

Am. 9-16 j^f. 

3. Given the angle of obliquity equal to 76° 42', and the distance 
between the two faces equal to 26 feet, to find the lengths of the two 
springing lines or abutments. Am. 2^'11 feet. 

4. Given the angle of obliquity equal to 50°, and the length of one 
of the feces equal to 60 feet, to find the width of the arch-way ? 

Am. ^5-962 feet. 

5. Given the angle of obliquity equal to 50°, and the length of one 
of the faces equal to 60 feet, to find the distance of obliquity ? 

Am. 38-5^7 feet. 

6. Given the angle of obliquity equal to 50°, and the distance 
between the two faces of the arch equal to 28*75 feet, to find the 
length of the abutments ? Am. 37 '53 feet. 

7. Given the angle of obliquity equal to 26° 54', and the length of 
one of the faces equal to 42 feet, to find the width of the arch-way ? 

Am. 19002 feet. 

8. Given the angle of obliquity equal to 26° 54', and the length of 
one of the faces equal to 42 feet, to find the distance of obliquity ? 

Am. 37*4556 /«e«. 
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9. Given the angle of obliquity equal to 26° 54', and the distance 
between the two faces of the arch equal to 14 feet, to find the length 
of the abutments ? Am. 30*944 feet. 

10. Given the angle of obliquity equal to 57° 44', and the length 
of one of the faces equal to 27*003 feet, to find the width of the 
arch-way ? Am. 22*833 feet. 

11. Given the angle of obliquity equal to 57° 44', and the length 
of one of the faces equal to 27*003 feet, to find the distance of 
obliquity? Am. 14*416 /eef. 

12. Given the angle of obliquity equal to 57° 44', and the dis- 
tance between the two faces of the arch equal to 12*5 feet, to find 
the length of the abutments? Am. 14:'7S2 feet. 

13. Given the angle of obliquity equal to 73° 4', and the length 
of one of the faces equal to 24*0416 feet, to find the width of the 
arch-way? Am. 22'999 feet. 

14. Given the angle of obliquity equal to 73° 4', and the length 
of one of the faces equal to 24*0416 feet, to find the distance of 
obliquity ? Am. 7*002356 feet. 

15. Given the angle of obliquity equal to 73° 4', and the distanc? 
between the two faces equal to 12*1666 feet, to find the length of the 
abutments or springing lines ? Am. 12*7191 feet. 

16. Given the angle of obliquity equal to 59° 15', and the length 
of one of the faces equal to 19*781 feet, to find the width of the 
arch-way ? Am. 16*9999 feet. 

17. Given the angle of obliquity equal to 59° 15', and the length 
of the oblique face equal to 19*781 feet, to find the distance of 
obHquity ? Am. 10*1138 feet. 

18. Given the angle of obliquity equal to 59° 15', and the length 
of each abutment equal to 30*875 feet, to find the distance between 
the two faces ? Am. 2Q'534:feet. 
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SECTION VII. 

ON THE USE OF THE OBLIQUE-ANGLED TRIANGLE. 

Prob. XXXIV. — To find a point in the side of a triangle, in which a 
perpendicular drawn jfrom the opposite angle meets that side. 
Let B C=:ay A C=b, and A B=:c; also let B D=:af, and C D^y ; 
then will A D=o— a?. 

By Euclid, Book I, Proposition XL VII : — 

By equality, 
Or h '— c ^'\'2cx—ai '=a '— ;»» 

Or c(2a>--c)=:(a+6) (a— 6) 

Hence, by converting the equation into a proportion, we get 
e : a-|-6 :: a—b : 2x — c 

Now, since x:=BDy one of the segments of the base, and o — x:=AD, 
the other segment, if a? be the greater segment, o — a is the less, and 
— X subtracted from a iaa — (c — x)^=.2x — c, the difference of the 
segments of the base ; therefore it will be— 

As the base or longest side of a triangle, is to the sum of the other 
two sides ; so is the difference of these two sides to the difference of 
the segments of the base. 

By this rule, the distance of the perpendicular upon the base from 
one of its ends will be easily found ; for, having found the difference 
of the bases of the two right-angled triangles, add half the difference 
to half the longest side A B, of the triangle ABC, the sum will be 
the length of B D, the greater segment ; and subtract half the dif- 
ference from half the base A B, the difference will be the length A D 
of the less segment. 

• Since fc^— c»-|-2cx=aB«, by transposition, 2cx^»+c«— -6*, 

hence x=s ; but in the right-angled triangle B D C, right-angled at D, 

2c 
making B C=a radius, then B D=x shall be the co-fiine of the angle B ; 
Hence radiu8=l : cos. B \'. a '. xz:za cos. B. 

Hence a cos. B=5— 

2c 

Hence cos. J5=>— 

2ac 
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Fbob. XXXV. — Having executed the piers of an oblique arch to the 
height of the springers, to draw the plan of the arch-way from the 
measures then taken. 



EXAMPLE I. 

Given the adjacent sides H Q, H A, (Fig. 1,) of the parallelogram 
H A G Qy and the diagonal A Q, respectively equal to 32ft. 6in., 
22ft. lin., and 25ft. TJin., to draw a plan of the oblique arch, and to 
find the width of the aperture, ff A being the length of one of the 
faces, and H Q the length of one of the abutments. 

Draw the straight line H Q, and make H Q equal to 32ft. Gin. ; 
from H, with the distance 22ft. lin., describe an arc at A, and from 
Q, with the distance 25ft. T^in., describe another arc cutting the 
former at A ; join AH, A Q; draw A G parallel to H Q, and Q G 
parallel to H A ; and the parallelogram A H Q Gib the plan of the 
aperture. Draw A C perpendicular to H Q, meeting H Q in Cy 
and A Cis the width of the arch-way. 

EXAMPLE II. 

Given A H (Fig. 2,) equal to 19ft. 9|in., and H Q equal to 30ft. 
lO^in., and the perpendicular A C, which is the width of the arch, 
equal to 17ft., to draw the plan, A H being the length of one of the 
faces, and H Q the length of one of the abutments, and the angle 
A H Q being the angle of obliquity. 

Draw the straight line A H, and make A H equal to 19ft. 9^in. ; 
upon ^ ^, as a diameter, describe the semi-circle A C H; from A, 
with the distance of 17ft., cut the semi-circular arc in C, and join A (7, 
C H; prolong H C to Q, and make H Q equal to 30ft. lO^in. ; draw 
A G parallel to H Q, and Q G parallel to HA ; and the parallelogram 
A H Q Gis the plan. 

EXAMPLE III. 

In the parallelogram HAGQy (Fig. 3,) which represents the plan 
of the aperture of an oblique arch, the abutment H Q measures 3oft. 
6in., the perpendicular distance between the abutments measures 28ft., 
and the distance of obliquity 9ft. Sin. ; to draw the plan of the arch. 

Draw the straight line A C, and make A C equal to 28ft. ; draw 
C H perpendicular to A C, and make C-ff equal to 9ft. 8in. ; prolong 
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EC to Q, and make H Q equal to 35ft. 6in. ; join A H; draw A G 
parallel to H Q, and Q G parallel to A H; and HA Cr Q is the plan 
of the aperture or arch-way required. 

OBSERVATIONS. 

The dimensions measured upon the side of the parallelogram which 
is to be one of the faces of the arch, and along one of the springing 
lines of one of the abutments, and the perpendicular distance between 
the abutment edges, as given in Example 11, are the most convenient 
for construction, and require very little calculation. A plan drawn 
from the measures taken as in Example III, is also easily constructed, 
and requires no calculation ; but the distance of obliquity must be 
previously found by a perpendicular. The dimensions taken as in 
Figure 1, are not only inconvenient with regard to the position of the 
plan, but require considerable calculation, as shown on the following 

CALCULATION OF THE PARTS OF EXAMPLE I, FROM PROP. XXXIV, 

Tlie base H Q of the triangle HAQ, being 32ft. 6 in.=32-5 

One of the other two sides Q A 25ft. 7iin.=25-62 

And the third side HA 22ft. 1 in.=22-083 

The sum of these two sides is 47ft. &Jin.=47*708 

And their difference 3ft. 6iin.=3-542 

47-708X3-542 

Hence, 32-5 : 47*708 :: 3-542 : =5-2, which is the dif- 

32-5 
ference of the segments of the base, very nearly. 

Now, half the base is the half of. 32-5=16'25 

And half the difference of the segments is the half of 5*2= 2*6 

Hence the greater segment =18*85 

And the less =13*65 

And A C=^(A fl"*— J? C^)=V(22*083'— 13*65') =17*35 feet. 

CALCULATION FOR C H, EXAMPLE U. 

C H=^{A H'-^A (?')=//( 14968:515625 )=122*345in. 
10*195 feet. 
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SECTION VIII. 



ON THE RADIUS OF CURVATURE. 

Prob. XXXrV". — Given the radius of the surface of a cylinder, and 
the angle of inclination which the development of a spiral line on 
that surface makes with a line drawn on the development parallel 
to the azis of the cylinder, to find the radius of curvature of the 
spiral. 

Draw the straight line U V (Fig. 1) to represent the azis of the 
cylinder. In 27 F take any point, /, and through I draw G H per- 
pendicular to U V. Make IG,IH, each equal to the radius of the 
cylinder. Parallel to U V, through G, draw Q E, and through H 
draw JS T; then Q B T S will be a plane passing through the axis 
of the cylinder. From the point /, as a centre, with the radius I H 
or I G, describe the semi-circle HB G, In the triangle A D Fy draw 
D F parallel to U V, and A D perpendicular to D F, Take the 
height DF&t pleasure, and make the angle DFA equal to the angle 
which the spiral line makes with a straight line on the surface of the 
cylinder, or with a line on the surface of the cylinder parallel to its 
axis. Draw G L parallel to A Fy meeting QR mG, and S TinLy 
intersecting U V in J. Draw J K perpendicular to G Z, and make 
J K equal to I H, or I G the radius of the cylinder. Upon the 
semi-axis major G L, and with the semi-axis minor J K, describe the 
semi-ellipse G K L, which shall be a section of the cylinder parallel 
to A Fy the development of the spiral line, and which shall have the 
same radius of curvature at K, the extremity of the axis-minor, which 
the spiral has at the same point. Now, in the triangle A D F, let 
D F=zay A Dz=h, and let the hypothenuse A F=h ; then h *=:a'-|-6'; 
moreover, let the radius of the cylinder be denoted byr; 
Then, by similar triangles, D A Fy I G J; 
ADiAF:: GIiGJ; 

rh 
Or b : h :: r : G J== — y which is the length of the semi-axis major ; 

b 
but from the property of the ellipse, 
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K J I G J:: G J i the radius of curvature at K; 

Or r : — : : — : =: , which is the radius of curvature at K, 

h h h^ h^ 

Now, the hypothenuse AF of the triangle ^ D JF', is the develop- 
ment or length of a spiral line, the base A Ih=h, a portion of the 
circumference of the cylinder, in a plane perpendicular to the axis, 
equal to the length of the arc A B Cy passing from one extremity of 
the spiral, and D F=a the length of a line on the curved surface of 
the cylinder, parallel to the axis drawn from the other extremity of 
the spiral, meeting the plane of the circle perpendicularly in the other 
extremity of the arc ; hence we have the following 

BULE. 

Multiply the square of the length of the spiral line by the radius 
of the cylinder, divide the product by the square of the length of the 
arc, and the quotient is the radius of curvature. 

EXAMPLE. 

Given the radius of the well-hole of a spiral stair equal to 2 feet 3 
inches, the height of a step equal to 6 inches, and the breadth of a 
step equal to 4 inches on the circumference, required the radius of 
curvature of the rail, and of the string-board under the steps. 

The height of six steps is 3 feet, and the length of six steps round 
the arc upon which the cylindric surface of the well-hole stands is 2 
feet ; moreover, 2 feet 3 inches =: 2*25, the radius of the well-hole. 

Now, 2 '=4, the square of the length of the arc, 

3 '=9, square of the height, 
Sum =13, square of the length of the spiral, 
13X2'25=29-25 prod, of rad. and square of length of spiral, 
29'25-7-4=7*3125 feet, the radius of curvature required. 

Again, let A B C (Fig. 2) be a section of the cylinder in a plane 
perpendicular to the axis, A C being the chord, and a B the height 
of the arc, and 7 the centre of the circle. Also, let H G he drawn 
through I parallel to A C, and U V through I perpendicular to H G, 
to represent the axis of the cylinder. Let AD he drawn parallel to 
A C, making A D equal to the length of the bxc A B C. Draw D E 
perpendicular to A T> ; make D E equal to the distance of obliquity, 
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and join A E. Draw A F perpendicular \iO A E, and prolong E D 
to F. Then A E will be the development or length of a spiral line 
in the face, parallel and equal to the lines which are the developments 
of the spirals of the joint-lines, and A F will be parallel and equal to 
the lines which are the developments of the spirals of the bed-lines. 
Let the semi-circle H A B C G be completed ; draw H M and H L 
perpendicular to H G. Moreover, draw G M, G L, respectively 
parallel to ^ ^, -4 JP. Then G M va the axis-major of an ellipse, of 
which the radius of curvature at the extremity of the axis-minor 
would be that of the spirals upon which the ends meet in the intrados ; 
and G L the axis-major of the ellipse, of which the radius of curva- 
ture at the extremity of the axis-minor would be that of the spiral 
bed-lines. 

Then, because JEJ ^ JP is a triangle right-angled at A^ and AD\^ 
drawn to meet the hypothenuse E F perpendicularly in 2>, the 
triangle E AF'ia divided into two right-angled triangles, which are 
similar to one another, and to the whole triangle E A F; therefore 
the sides about the equal angles are proportional, and the homologous 
sides are opposite equal angles. 

Let c^A D, the length of the arc ^ 5 C, and </=D Ey the distance 
of obliquity; also let h^A E; then A '=ic '-{-c^ * ; moreover, let 
r=J^ N=JK=iI H, the radius of the cylinder. 

By similar triangles, DAE and I G P^ 

DA:AE::IG:GP; 
rh 
Or e : h :: r : G P:= — > the semi-axis major of the ellipse G N M. 



From the property of the ellipse and the radius of curvature, 
P N : P G :: P G : the radius of curvature at N ; 
rh rh rh'' r{c'-\-d') 

Or r : — : : — : — = , which is the radius of curvature 

c c c^ c^ 

of the spiral lines of the joints, and is equal to that of the ellipse 
M N G, B.t the extremity N of the axis-minor. 

Again, by similar triangles, D E A, or D A F, and I G Jy 
DE:EA::IG:GJ; 
rh 
Or d:h::r : G J-=z — ^ the semi-axis major of the ellipse GKL; 
d 
and from the property of the ellipse, and the radius of the cur- 
vature. 
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K J I J G w J G\ the radius of curvature at K ; 

rh rh rV r{c^-\-d^) 
Or f : — : : — : — = ^ which is the radius of curvature 

d d d^ d^ 

of the ellipse G KL^dX the extremity K of the axis-minor, and is 
equal to that of the spiral bed-lines. 

RFLE. 

Divide the product of the radius of the cylinder, and the square of 
the length of the spiral joint-lines, by the square of the circular arc, 
and the quotient shall be the radius of curvature of the spiral joint- 
lines ; and the same product divided by the square of the distance of 
obliquity, shall be the radius of curvature of the spiral bed-lines. 

EXAMPLE. 

Bequired the radius of curvature of each series of spiral lines for 
the edges of the bed-joints, given the chord equal to 38*75 feet, the 
height of the arc equal to 6 feet, and the distance of obliquity equal 
to 9^ feet. 

Since the chord is 38*75 feet, and the height of the arc 6 feet, the 
radius of the circle is 34*2825 feet. See the first of the Examples for 
Practice, Problem XXV, page xliii; and the length of the arc ii 
41*18156 feet, see Problem XXIV, Example II, page xH ; but 34*2825 
=34*28 nearly, and 41*18156=41*18 nearly. 

AD^ =41*18* =1695*7925 

2)^»=(9J)2 =55^-^6*= 84*0277 
A E »=^ D »+2> E ' =1779*8202 ; 
moreover 34*28X1779*8202=61012*236456 
61012*236456 

=729*09 feet nearly; 

84*0277 
61012*236456 

and =35*97 feet. 

1695*7925 
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SECTION IX. 

ON THE ANGLE OF THE TWIST. . 

Prob. XXXV. — To find the angle of the twist of two spiral lines in 
two given cylindric surfaces, and, in the same spiral surface, given 
the angle which the spiral in the inner cylindric surface makes, 
with a plane perpendicular to the axis of the cylinder. 

Let ABC (Fig. 1) be a right section of the concave surface, the 
. chord A C being 30 feet, and the height of the arc 10 feet ; and let 
the concentric arc D £^ 2^ be a right section of the convex surfece 
which contains the other spiral, at 4 feet distant from the arc A B C; 
that is, whatever be the radius of the arc ^ 5 O, the radius of the arc 
D E F will be 4 feet more ; let ^ c o be the angle which the spiral 
in the concave surface makes with its base, which is equal to the 
length of the bxc A B C; and let the angle acg oi the triangle g ca 
be 40^ 

The length of the arc -4 jB (7 to a chord of 30 feet, and height 
10 feet, will be found by Prob, XXIV, page xli, to be 38-22 feet ; and 
the radius of the arc of the same dimensions, by Prob. XXV, page xliii, 
to be 16-25 feet ; therefore 16-25-|-4-=20-25, the radius of the con- 
vex surface; and because the arcs of similar segments are as their 
radii; hence 

16-25 : 20-25 :: 38-22 : the length of the arc D E Fy which 
being found, is 47*628. 

In the triangle g a c oi the development of the spiral upon the 
concave surface, make a c equal to 38*22 feet, the angle acg equal to 
40° ; then by the following statement, 

rad. : tan. 40° :: 38-22 : a ^^32-07 feet nearly. 

In the right-angled triangle g af,we have the two sides af,ag, 
respectively equal to 47-628 feet, and 32-07 feet, to find the angle 

Therefore 47-628 : 32-07 :: rad. : tan. of the angle afg; 
Hence the angle afg will be found to be about 33° 57'. 
But without finding the lengths of the arcs, we might have arrived 
at the same conclusion by using the radii, which are proportional to 
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the arcs. The radius I A of the concave surface being found as 

above is 16*25 feet, and the radius I D of the convex sur&ce is 

16-25+4=20-25 feet. 

In the triangle ^ a c we have the angle a c ^=40°, and the side 

a c=16'25, to find the side a g, which by trigonometry will be found 

to be 13-63 feet. 

Thus, rad. : tan. 40° :: 16-25 : ac=13-63. 

And in the right-angled triangle ffaf, we have the side ay=20-25, 

and the side a ^=13-63, to find the angle a/^, which will be found 

to be 33° 57', as before. 

Thus, 20-25 : 13-63 :: rad. : tan. 33° 5'. 
Now, jiL a gf^ Z^ a g c=^ acg^ ^ <^fd> 
Or 40°— 33° 57'=6° 3', the angle of the twist. 

TO FIND THE ANGLE OF THE TWIST IN PRACTICE. 

It win be sufficient to divide the arcs A B C, D E F, each into the 
same number of equal parts, as eight, and the sum of the chords will 
be very nearly equal to the length of each respective arc. In the 
right-angled triangle c ag^ make the base a c equal to the whole of 
the eight parts of the arc ^ J5 O, or any number of them, and draw a g 
perpendicular to a c. Draw c g, making the angle a c g equal to 40° ; 
prolong a c to^ and make a /equal to the whole of the eight parts of 
the Bxc D E F, or to the same number of them that a c is of the arc 
ABC; draw/y ; and the angle c gfis the angle of the twist. 

Or thus : Draw the straight line X Z (Fig. 2), and X W perpen- 
dicular to X Z. InX Z make X Y equal to / il or J C, the radius 
of the concave surface ; and make XZ equal to I D or I F, the radius 
of the convex surface ; and make the angle X Y W equal to 40° ; 
join Z W; and the angle Y W Zis the angle of the twist. 

For the arcs of similar segments are as the radii. Thus, I A : I D : 
2iToABC:axcDEF. 

If A B C F E D be considered as the plan of a winding-stair, a c 
the stretch-out of the ends of the steps round ABC, and a f the 
stretch-out of the ends of the steps round D E F; and if the angle 
a c ^ be the inclination of the spiral which passes through the 
nossings in the cylindric surface over the arc ABC, the angle afg 
shall be the inclination of the steps in the cylindric surface which 
stands upon the arc D E F. The angle c g f, which is the difierence 
of the angles a g f and age, shall be the angle of the twist which 
will be found necessary in working the soffit of the stair to a spiral 
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surface, observing that the ends of a single step are in tlie same pro- 
portion as the triangles g ac^ g afy and differ frorxi a plane surface 
by an angle equal to eg f. K the inclination of the steps begin with 
the line A D, the stair is said to be right-handed. 

This principle is the most eligible in constructing the spiral pump 
attributed to Archimedes. 

In the step of a right-hand stair properly prepared, the workman 
will find, by placing himself adjacent to the concave end, the convex 
end to be sunk from the right to the left side of the stone in a straight 
line, so that this line will make an angle below the plane which 
touches the curve line of the upper edge of the concave end, equal 
to the angle of the twist. 

And in the step of a left-hand stair properly prepared, the work- 
man will find, by placing himself adjacent to the concave end, the 
convex end to be sunk from the left to the right side of the stone in 
a straight line, so that this line will make an angle below the plane 
which touches the curve line of the upper edge of the concave equal 
to the angle of the twist. Thus, No. 1 shows the ends of the step 
of a right-hand stair ; No. 2 the ends of the step of a left-hand 
stair. 
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Prob. XXXYI. — In an oblique arch are given the chord of the 
right section of the concave Bur&ce equal to 20 feet, the height of 
the arc equal to 7 feet, the distance of obliquity equal to 16 feet, 
and the breadth of the beds equal to 18 inches, or 1ft. 6in. ; to 
find the angle of the twist. 
Draw the straight line C Z>, and in C Z> make 
A C equal to 20 feet, and upon A C describe the 
arc of a circle, of which the height is 7 feet; 
make A D equal to the length of the arc A B C; 
through C draw C H, and through D draw F E 
perpendicular to CD; make C H and D E each 
equal to 16 feet, the distance of obliquity, and join 
A H and AE; draw A F perpendicular to A E ; 
and the angle D AF will then be equal to the angle D E A, 

Draw X Y parallel to A D, and make X Y equal to J ^ or / C, 
the radius of the arc ABC; draw X W perpendicular to X Y, and 
draw Y FT parallel to A F; prolong X Yto Z, and make YZ equal 
to 18in. ; therefore X Z will be equal to the radius of the convex 
surfe,ce. Join Z W, and the angle Z W Y shall be equal to the 
angle of the twist ; or, by calculation, thus : 

From the chord equal to 20, and height of the arc equal to 7, will 
be found (Prob. XXIV, page xli) 25-9994=26 nearly, for the length 
of the ^c A B C, and from the same dimensions will be found 
(Prob. XXV, page xliii) 10*64:2, the radius of the arc or of the con- 
cave surface. In the triangle A D E, right-angled at Z>, are given 
the side A D equal to 26, and the side D E equal to 16, from which 
will be found the side A JEJ=30-52 nearly. 

Then to find the angle DAE equal to the angle A F D, equal to 
the angle F FT X, we have, by trigonometry, 

DE 16 

AE'.DE ::T9jdL.\ sin. D A E= = =52424=sin. 31° 

A E 30-52 

37' ; therefore the angle Y W X=3r 37'. 

AD"" 26* 

DE:AD::AD:D F= =—=42-25. 

DE 16 
By similar triangles, A D F, Y X W, 

DFXYX 42-25x10-642 

AD:DF::YX:X W=z = =17*293 

AD 26 

=17-3 nearly. 
In the right-angled triangle TT X Z, we have X Z=10'642+l-5 
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=12'142 ; from hence the two sides W X, Z X, respectively equal 
to 17-293 and 12-142, will be found Z TF=21-13. 

12142 

Z W : Z Z :: rad. : sin. Z W Z= =-5746=sin. 35^ 4'; 

21-13 
hence Y W Z=35° 4'-^l° 37'=3° 27', the angle of the twist. 
The same operation by logarithms, without finding A E and W Z. 

rad. X 16 

AD:DE::t2A.\ tan. D A E= 

26 
Log. tan. D A E=log, rad.+log. 16— log. 26. 

log. rad 10 

log. 16 1-204120 

log. 26 1-414973 

tan. jLDAE 9-789147=log. tan. 31° 36'. 
But angle D A JS;=angle A F I>=angle YWX; 
therefore the angle Y W Xziz^V 36' 
DE:DA::DA:D 2fe26«-S-16. 
log. D F=2 log. 26— log. 16 
log. 26=1-414973 
twice log. 26=2-829946 
log. 16=1-204120 

log.i)F=l-625826=42-25 
AD: DF :: YX : XW 
26 : 42-25 :: 10*642 : X TF=42-25Xl0-642-r-26 
log. X W=\og. 42-254-log. 10-642_log. 26 
log. 42-25 =1-625827) 0.651951 

log. 10-642=l-026124f «^- ^ 651951 

log. 26 1-414973 

log. X W l-236978=log. 17-25 

WXiZX:: rad. : tan. Z WX 
tan. Z W -X'=rad. XZ X-r-W X 
log. tan. Z WX=zlog, rad.+log. Z Z— log. TF-X:=log. rad. 
+log. 12-142— log. 17-25 

log. rad 10 

log. 12-142 1-084219 

log. 17-25 1-236978 

log. tan. Z W X=9-847241=tan. 35° 7'. 
Therefore the angle of the twist is 35° 7'— 31° 36'=3° 31'. 



TREATISE ON THE OBLIQUE ARCH. 



ON THE OBLIQUE ARCH WITH SPIRAL JOINTS. 



If a straight line move perpendicularly upon another straight line 
at rest, in a fixed plane, in such a manner that if the distance passed 
over upon the fixed line, by one extremity of the moving line, be pro- 
portional to the angle which the moving line makes with the plane, 
the. other extremity will describe a curve on the surface of a cylinder, 
called a cylindric spiral. 

From this definition of a spiral line, it is evident that the radius of 
the cylinder is equal to the length of the line which describes the 
spiral. 

A surface, described by a straight line, moving perpendicularly 
upon another straight line at rest, in such a manner that the distance 
passed over upon the fixed line, by one extremity of the moving line, 
may be proportional to the angle which the describing line makes 
with a fixed plane, is called a spiral smface^ and the fixed line is 
called the aads of the spiral sv/rfaM, 

If a spiral surface be cut by a cylindric surface, having the same 
axis as the spiral surface, the cylindric section of the spiral surface is 
a spiral line. 

An oblique arch with spiral joints, is that in which the surfaces of 
the beds and the surfaces of the joints are both spiral surfaces. 



2 OBLIQUE ABGH WITH SPIRAL JOINTS. 

If an oblique arch with spiral joints be executed according to the 
principles here established, and cut by a plane perpendicular to the 
axis of the cylinder, the section will exhibit a series of straight lines, 
dividing the arc of a circle into smaller arcs, and the lines being pro- 
longed, would meet in the centre. 

A right-hand obUqtie arch is that when, by approaching one of its 
elevations, the right-hand abutment advances before the left. 

A lefi-hand oUique arch is that when, by approaching one of its 
elevations, the left-hand abutment advances before the right. 

If the segment of a cylinder be cut by two parallel planes 
obliquely to the axis, and if the cylindric surface between the 
planes be developed, the curves, which are developments of the sur- 
face and the sections, will be identical, and will each be bisected by 
the straight line which joins each extremity, and the two straight 
lines will be parallel. 

The projections of spiral lines, in the same cylindric surface which 
have parallel developments, are identical curve lines. 

A cylindric spiral is a line of double curvature, and has all its 
parts equally inflected. 

The development of a cylindric spiral is a straight line. 

A straight line drawn through any given point on the surface of a 
cylinder, will be parallel to the axis. 

A circle drawn through any given point in the surface of a cylinder, 
will be in a plane perpendicular to the axis. 

The development of the arc of a circle is a straight line, and is the 
length of that arc. 

Therefore, if on the surface of a cylinder be given a spiral line, and 
if there be drawn on that surface a circle through one extremity of 
the line, and a straight line through the other ; in the development 
of the cylindric surface, the three lines shall form a right-angled 
triangle, of which the development of the spiral shall be the hypo- 
thenuse, the length of the circular arc which may be called the base, 
one of the sides which contain the right angle, and the other side 
may be called the altitude of the spiral. 

The angle of inclination of a spiral, is the angle which the develop- 
ment of the spiral makes with its base, or with the line which is the 
length of the circular arc. 

The lengths of two spirals having equal inclinations, are to one 
another as their bases, or as their altitudes. 




OBUQUE ABCH WITH SPIRAL JOINTS. 

Let A C he the development of a spiral, 
and let C JEhe parallel, and A E i)erpendicu- 
lar to the axis of the cylinder. In A C take 
any point B^ and draw B D parallel to C E, 
then the triangles A E C^ A D B, oxe similar, 
and therefore have equal inclinations. 

Hence, A B : A D :: A C : A E 
Or A B: AC:: AD: A E 

Aga.m,AB:BD::A C: CE 
OiABiAC ::BD: CE 

Hence the lengths of two spirals having the same inclination, are 
to one another as their bases or altitudes. 

K the bases and altitudes of two spiral lines have the same pro- 
portion, the two spirals have the same angle of inclination, and may 
form one continued spiral. 

If the developments of two spiral lines, having equal aHitndes but 
unequal bases, be bent upon two concentric cylindrie sur&oes, the 
least upon the concave, and the greater upon the convex Biir£»ee, 
so as to have their proper altitudes, the two spiral lines shall be in 
a spiral surface, or will form the bed-lines of a course of stones; 
moreover the difference of the angles of inclination of the bed-lines 
is equal to the angle of the twist. 
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Prob. I. — To find the development and plan of the intrados of an ob- 
lique arch with spiral joints, given the width of the aperture, the 
height of the intrados, the angle of obliquity, the length of one of 
the springing-lines, and the number of arch-stones in each elevation. 

The method of the development of the curve of the oblique section 
of a cylinder has already been shown (Prob. XV, page xxii) ; but, for 
the sake of connection, the entire operation is here shown. 

Draw A C, and make A C equal to the width of the aperture. Upon 
-4 C as a chord, with the height of the intrados, describe the arc ABC, 
Prolong CAioD, and make A D equal to the length of the bxcABC, 
Draw A G perpendicular to C D, and make A G equal to the length 
of the springing-line. Parallel to A G, through D draw F E, and 
through C draw /JET. Make D E and C J? each equal to the distance 
of obliquity. Join A E and A JT, and complete the parallelograms A H 
f G, AEFG. A H/G is the outline of the plan, the lengths of 
the faces being AH, Gf, and the lengths of the abutments or spring- 
ing-lines A G, Hf. The parallelogram A E F Gis the outline of the 
development of the concave surface ; except that instead of the straight 
lines AE,GF, there are also curves AE, GF, which are the develop- 
ments of those portions of the intrados adjacent to each face of the arch. 

Divide the arc ^ J5 C at the points 1, 2, 3, &c. and the straight line 
AD Ski the points 1, 2, 3, &c. each into an equal number of equal parts. 
From the points of division 1, 2, 3, &c. in the qxg A B C, and from 
the points 1, 2, 3, &c. in the straight line A i>, draw 1 an, 2 an, 3 an, 
&c. ln,2n,3n,&o,; and let 1 a n, 2 a n, 3 a n, &c. meet the straight 
line ^ JET in the points n, n, n, &c. and intersect the straight line 
A C in a, a, a, &c. Make the distances 1 n, 2 n, 3 n, &c. respec- 
tively equal io an, an, a n, &c. From A through the points n,n,n, 
&c. draw the curve line Annn...E. With the edge of a thin slip of 
wood formed to the curve A E, draw the opposite identical curve G F, 
and the curves A E and G JP are each bisected by the straight lines 
A E, G F, one-half of each curve being within, and the other half 
without the bisecting line, which we shall here call the regulating line. 

Divide the straight line A E, which is the length of the fece of the 
arch, into as many equal parts as there are arch-stones, which in the 
present example are seven, being designed for a small culvert. Through 
the points of division draw lines perpendicular to A E, and let one 
of these lines k F, meet the springing-line E F'm the extremity JP. 
Now, if lines were drawn through the points of division in J^ ^ parallel 
to k F, the springing-line E F would be divided into as many equal 
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parts as the number of equal parts contained in E k, which is here six 
out of the seven, into which the whole line A E is divided. 

As there are two methods of drawing the line k L, we shall sup- 
pose it drawn as here done, reserving the discussion of the mode 
which may be adopted for the conclusion. 

Divide A G into six equal parts, at the points iV, P, R, T, V, and 
draw NO,PQ,RS,TU,VW, parallel to A E, and E F will also 
be divided Into six equal parts, at the points 0, Q, S, U, W, which gives 
the lengths EOyOQ, QS, &c. of the springers. From or through the 
points of division in A E, and from the springing-points 0, Q, Sy &c. 
Ny P, Ry &c. in EF, A G, draw lines parallel to k F, so as to meet the 
curve lines AE, GF, viz. AEin the points f, t, t, &c. and GF in the 
points jH, m, z, &c. The parallel lines t xtyt z^t z, &c. are the develop- 
ments of the bed-lines, and the parallel lines NO, P Q, B S, &c. are 
the developments of the spirals, in which each series of joint-lines are 
parts. Perpendicular to AG draw tt,ttytty &c. meeting the straight 
line A Hm the points f, f, f, &c. and the points f, f, f, &c. in the straight 
line A H, are the ends of the projections of the bed-line spirals. 

Prolong A X, the development of one of the bed-line spirals, and 
the springing-line E F, to meet each other in J". Then, in order to 
construct the plan of the spirals of the bed and joint-lines, it will be 
sufficient to show the projection of one of each kind. Ihrough the 
points 1, 2, 3, &c. in the arc ABC, parallel to A G, draw the straight 
lines a a &, a a &, a a &, &c. Let a, a, a, &c. be any number of points 
in AL,ot m A L J. Perpendicular io A G draw a a, act, act, &c. 
meeting a ah, a ah, a ah, &c. in the points a, a, a, &c. From A 
through the points a, a, a, &c. draw the curve line Aaaa ,„lj, which 
is the projection of one of the bed-hne spirals corresponding to the 
development A a aa „,L J of the same spiral. As the projection of 
spiral lines which have parallel developments are identical curve lines, 
and since we have the springing-points N, P, B, T, V, as also the ends 
t, t, &c. in A H, the remaining projections may be drawn, as before 
shown, by the edge of a thin slip of wood formed to the curve Aaaa 
...Ij, observing that each end of the edge thus formed must be placed 
upon the springing-points in each springing-line, or at least one of the 
ends upon one of the springing-lines, and the edge successively upon 
the points t, t, t, &c. In the same manner may be found the curve 
line V h h h,,,w, which is the projection of the same joint-line, 
of which the straight line V hh h.,.W is the development. The 
remaining curves of the joint-lines may be drawn, as observed, in 
the curves of the bed-lines, 

B 
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Prob. II. — Given the same things as in the preceding Problem, to find 

the elevation of one of the faces on a plane parallel to that face. 

In drawing the plan or elevation of an oblique arch, the projections 
of all spirals which have parallel developments are identical curve lines, 
whether in a plan which is made on a plane parallel to the axis, or in 
an elevation which is made on a plane inclined to the axis. The pro- 
jections on a plan differ considerably from those in an elevation. 

In drawing the elevations of oblique arches, we must first find the 
projections of lines parallel to the axis of the cylinder passing through 
the points of division in the arc ; then the projections of the spirals 
will be found by drawing straight lines, from the points in the pro- 
jection of a spiral from the plan, to meet the lines which are parallel 
to the axis perpendicularly in the corresponding points of the projec- 
tion of the spiral to be found, then drawing the curves through the 
points in the succeeding parallel lines. 

Find the plan and development, as explained in the preceding Problem. 

Draw the straight lines p q, r s, t u, v w, x is, &c. parallel to A H, 
making the distance between p q,r s, equal to the distance of the first 
joint below the springing-line, or about six inches, which is the usual 
allowance ; also, make the distances oi t u, v w, w m, &c. above the 
springing-line r *, respectively equal to n 1, n 2, n 3, &c. the heights 
of the ordinates of the arc G^ ^ Z above the chord G L, The lines 
p q, r Syt u, &c. are those which are parallel to the axis. Perpen- 
dicular to A H draw ii,jjj h k, &c. meeting r s in the points i^j, k, 
&c. ; &ndiyj, k, are the projections of the bottoms of the indentations of 
the springers ; also, perpendicular to A S, draw I I, m m, n n, &c. 
meeting tu,vw,a;;i, &c. respectively at the points I, m, n, &c. and 
draw the curve line i I m n, which is the projection of one of the 
courses of spiral joint-lines. In the same manner the entire elevation 
may be completed, as is evident from the figure. 

In the projections of the spiral lines in the elevation, the plane of 
projection is not parallel to the axis of the cylindric surface, as is the 
case with the plane of projection upon which the plan is made. The 
projections of the spiral lines upon the plan are regular curves, but 
those in the elevation are not so uniform. 

Prob, III. — The same things being given, to construct the longitudinal 

section. 
This will be done in a similar manner to what has just been shown in 
the last Problem, as will be evident by inspecting Plate X YIII, and there- 
fore any particular explanation will be unnecessary ; observing that the 
curve line rstu, No. 3, is the projection of the curve line rstt^ No, 1, 
and is therefore the spiral line, of which rstu, No. 2, is the plan. 
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Tbob. IV.— Having the length of the arc of the right section of the 
convex surfece of an ohlique arch, and the development of the con- 
cave Burfece, to find the development of the convex surface. 
Let the semi-circle a' 6' c' he the right section of the convex surface, 
ABC being that of the concave surface ; and let I JB JF" G be the de- 
velopment of the concave surface constructed as in Prob. I, I Cr and E F 
being the springmg-lines. The number of the springers in this example 
are five; therefore! Gis divided into five equal parts, at the points iV,P, 
B, T, and JEi^ is also divided into five equal parts, at the points 0, Q, S, 
U. The parallel Unes N 0,P Q,B S, T U, which are the developnients 
of the joint-line spirals, are each divided by the developments of the 
bed-line spirals into as many equal parts as there are arch-stones m 
each elevation, viz. nine, as in this example. Therefore, divide the 
parallel Unes NO,PQ,RS,TU, each into nine equal parts. 

Prolong JID to rf. In 2) d, the part prolonged, make ad equal to the 
length of the arc a' 6' c', and form the outline ajxxm the same manner 
ssIEFQ, the development of the concave surface, ag,jx, being the 
springing-Hnes of this development. Parallel io AD draw N n, P p, 
Br, Tt,meetmgazinn,p,r, «,as also parallel to ^ d draw Oo,Qq,S», 
f7«, meetings « in the points 0, <?,»,«. Join no,i>g,r*,««, and the lines 
no,pq,r»,tX^e the developments of the joint-Hnes in the convex snr- 
facefand are parallel to each other,and are also equi-distant.Dividethe 

remote parallels no,tu, each into nine equal parts ; and as the lines 

n 0, t /comprise three steps or springers, the corresponding points 

through which the bed-lines pass will be three parts in advance from 

t further than from «. Therefore, the bed-line development «5', drawn 

from « in n 0, will pass through the point Sintu and will terminate 

fnL curve , x at y. Through each of the eight points of division 

i^ 1^, Zw Ls parallel to n^ to meet the curve . . and the c^ve 

r,- fU the spriiging-points p, r, t, draw fes Parallel ^ «y to meet 

the curve z x, and from the springing-pomt o draw a line parallel to 

„ ; Tmeet Ihe curve aj, and we shall have the whole development 

of the convex sur&ce as comprised by Fig. aj «> z. 

InPlateXX,thetwodevelopmentsarerepresentedasiftheywereone 

dia^m composed by Fig.ai^., in order to showthat the angle ofthe 

twiSis nothkig more than the angle made by the developments of two 
Sinespiralf,viz.oneintheconcave,andtheotherintheconvexsurface 

inThe right-Wed triangle TF X r, draw X ^ P-^lel to the chord 
^r^l^hfcTniTsStar^^^^^ 

pali^^lt J^rtt dlvi'pment of one of the bed-Hnes of the^onvex 
Sace; therefore the angle TTF^is equal to the angle i)F J. 
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Frob. v. — Given the chord and height of the intrados, the distance 
of obliquity, the distance between the two fsswses, the breadth of the 
beds, and the number of arch-stones, to construct the templets for 
working the arch-stones. 

Draw A C equal to the chord, and with the height of the intrados 
describe the arc ABC; prolong C Ato D, and make A D equal to 
the length of the arc. Draw C H and D E perpendicular to CD; 
and make C H and Z> E equal to the distance of obliquity. Join 
A Hy A E, Describe the curve A E m the same manner as directed 
in Problem XV, page xxii. Introduction. Prolong E D to F, and 
H Cto Q'y and draw A G parallel to E F, Perpendicular to A H 
draw A u, and make A u equal to the distance between the faces. 
Through u draw G Q' parallel to A H^ and draw G F parallel to 
A E. Draw the curve line G F, and A H Q! G ia the outline of the 
plan, A E F G the outline of the development. In order to prevent 
two joints from meeting each other, it is necessary that the number 
of arch-stones in each face should be an odd number. We shall, 
therefore, suppose this number to be nine. Draw F K meeting the 
straight line A E perpendicularly in K. Divide E K into five equal 
parts, and K A into four equal parts, so that the whole line E A may 
consist of nine parts, as nearly equal to one another as the case will 
admit of. Now, there will be as many springers in jEJ JP as in the 
part E K, and as many in ^ 6r as in ^ JF'; therefore divide E F into 
five equal parts, at the points N, P, E, T. Draw N 0, P Q, E S, 
T Uy parallel to E A, meeting -4 G^ in 0, Q, S^ U. From the points 
Ny P, jB, Ty and 0, Q, Sy Z7, as also from the points of division in A K, 
draw lines parallel to ^i^to meet the curve lines A Ey G F, Then 
K Fy and all the lines parallel to K Fy are the developments of the 
bed-lines, and the alternate portions of the parallel lines N 0, P Q, 
B Sy &c. are the developments of the joint-lines. Draw a e parallel 
to A Cy of any convenient length, and, with the radius I A or I C, 
describe the arc a c e ; draw a f parallel to A G, and e f parallel to 
K F. Draw e m parallel to A G, and fm parallel to E A. In a e 
take any convenient number of points 1, 2, 3, &c. Draw the straight 
lines 1-1, 2^2y 3-3, &c. parallel to A Gy intersecting the arc a c 6 in 
the points 6, c, d, &c. and/e in the points 1, 2, 3, &c. and meeting 
fm in the points 1, 2, 3, &c. Perpendicular to/e draw 1 ^, 2 A, 3 1, 
&c. and perpendicular to /m draw Ij, 2 ^, 3 ?, &c. Make 1 ^, 2 A, 3 1, 
&c. respectively equal to 1 6, 2 c, 3 J, &c. and likewise make 1 jy 2 k, 
3 1, &c. respectively equal to 1 6, 2 c, 3 dy &c. Draw the curves fg 
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h i e^fj h I m. Make two templets (No. 1, No. 2) to form the 
segments fheffkm. Make also two arch-squares, (No. 3, No. 4,) 
having the inner edges of the one limb curved, and the other inner- 
edge straight, the straight edge being perpendicular to the under- 
edge of the curved limb, observing that the curved limbs, qr8,nopf 
must be identical to the half-segments of No. 2, No. 1, viz, qr s the 
same as klniy and nop the same sa h i e. 

In the right-angled triangle W X Y, draw X W parallel to A G, 
and X T parallel to D A; make X Y equal to the radius I A or I C, 
and draw F ^parallel to KF; prolong X Fto Z, and make Y Z 
equal to the breadth of the beds ; join Z W; and the angle Y W Z 
is the angle of the twist. 

TO WORK ONE OF THE ARCH-STONES. 

Besides the templets already shown, prepare two straight edges, the 
one parallel, and the other broader at one end, containing the angle 
of the twist. We shall suppose that all the faces of the stone are 
rectangular, and that the stone is laid upon one of its beds, and con- 
sequently the other bed uppermost, and that you are placed adjacent 
to the soflBit of the stone. Apply the templet No. 1, so that the 
curved edgefg hie may rest upon each end of the arris next to you; 
then upon the surface of the stone draw a Hne by the curved edge, 
and the line thus drawn will be the bed-line between the soflBlt and 
that bed, observing that the curve must be convex to the opposite 
arris of the stone, or concave to the adjacent arris. Apply the parallel 
straight edge upon the arris next to you which is to be cut away, and 
the other straight edge which contains the angle of the twist, so that 
the planes of two faces of these straight edges may be parallel to each 
other, and at such a distance as to be equal to the intended breadth 
of the beds ; then the straight edge which contains the angle of the 
twist must be sunk into the stone, until the upper edges of the two 
straight edges are out of winding, or are in one plane. The bottom 
of the chisel draught will then make an angle with the surface of the 
stone equal to the angle of the twist. If the arch is right-handed, 
the broader end of the straight edge must be applied next to the left 
hand of the stone ; but if the arch is left-handed, the broader end 
must be applied next the right-hand end of the stone. The protube- 
rant part between the bottom of the chisel draught and the bed-line 
must be taken away, until the surface agrees every where with a 
straight edge applied from any point perpendicular to the bed-line. 
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or to the curve which forms the bed-line. The spiral surfiice of the 
one bed being thus formed, we now proceed to form the soffit. Apply 
the arch-square, No. 3, in the same manner as a common square, each 
limb being perpendicular to the arris or to a tangent to the curve 
which forms the arris or bed-line, so that the straight edge q v may 
coincide with the surface of the bed, and the curved edge qr s mvLj 
rest upon the stone which is attached to the soffit, and which is to be 
wrought away. Repeat the application until the curved edge qr s 
coincide with the surface of the soffit, which will then be that of a 
cylinder. Having formed the cylindric surface, guage the soffit to its 
breadth, and proceed with the same arch-square to work the other 
bed. It need hardly be observed that the curved edge must be applied 
to the soffit or cylindric surface, and^ consequently the straight edge 
upon the winding surface of the bed. 
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ANOTHER METHOD OF FORMING THE ARCH-STONES. 

The development, Fig, 1, and the templets, No. 1, No. 2, and No. 3, Fig. 2, 
being constracted, as explained in the last Problem. 

Let p qr s he the development of the soffit of one of the stones. 
Find the centre o, by drawing the two diagonals q e, r p. Through o 
draw t u parallel to A G, meeting p qin t, and s r in Uf and t uib 
a line parallel to the axis of the cylinder. Let P Q B JS (Fig. 3) 
represent that face of the stone which is to be the soffit. With a straight 
edge, No. 4, cut a chisel draught, T U, through the centre of this face, 
making the angle P T Z7 equal or nearly equal to the angle ptu, which 
the bed-lines make with the axis of the cylinder, so that the bottom of 
the chilli draught may be parallel to the face of the stone, and of suf- 
ficient depth to allow for forming the concave surface of the cylinder 
to the full extent. Make two templets, ahc, ahc, No. 5, No. 6, equal 
portions of the arc ABC, and let the points b, b, be the middle points 
of the circular edges. Perpendicular to T U draw TV, U W. Cut 
two chisel draughts under TV, UW, in such a manner that when the 
circular edges of the two templets. No. 5 and No. 6, are applied upon 
each of these draughts, and the middle points 6, 6, upon T and U, and 
if the straight edges a c, a e, are out of winding, and parallel to the 
surface of the stone, and if the bottoms of the draughts are sunk to the 
depth of the straight draught, and if tne circular edges of the templets 
coincide with the bottoms of the two draughts, the bottoms of these 
two draughts shall be portions ofthjB cylindric surface, or of the sur- 
face of the soffit to be formed. By means of the curved edge eihgf 
of the templet No. 1, ruii^/twd djWtUghts along each margin of the stone 
adjacent to the ^^-I^x^s, tiji the same depth as the bottoms of the 
straight andj^&cular ^draughts ; and by the templet No, 2, run two 
draughts a)lbng the ends adjacent to the joint-lines, to the same depth 
as the otHer two. The superfluous stone between the draughts being 
cut away, will^orm the cylindric surface of the soffit. 

Having^i^iie a limber mould* to the development jp g^ r 8, and having 
drayfcthe line <; w upon this mould, press the mould upon the concave 
surface thus formed for the soffit, so that all the points may be in contact 
with ifch^ cylindric surface, and that the line tu upon the mould may fall 

* Zinc is well adapted to this purpose. 
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upon T Uon the cylindric surface of the stone. In this state draw four 
lines round the four edges of this mould upon the concave surface of the 
stone. The two longest of these lines will he the bed-lines, and the two 
shortest the joint-lines. The beds of the stone are formed by means of 
the arch-square No. 3, by appljdng the circular edge to the soffit. The 
other arch-square for forming the joints is not exhibited. 

The reason of the construction and application of these moulds 
explained as above, as also in Prob. VI, page 1 5, will be made more 
evident by examining the explanation to Prob. VII, page 16. 
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A SECOND EXAMPLE, 

With a different method of finding the development of the curve, 
which is the intersection of the intrados, and the plane of the face 
of the arch, as also the method of finding the position of the bed- 
lines, so that the arch-stones may be equally thick. 

Let A H Q Ghe the plan of the arch, A H, G Q, being the repre- 
sentation of the faces ; and let the arc A B C he the right section, 
A C, the chord, being perpendicular to A G. Divide the bxc A B C 
into two equal parts at jB, and draw B J perpendicular to A C, 
meeting A HinJ. Through J draw d K parallel to C A, meeting 
H Q in K. Prolong G A to meet d K in L, and make L d equal 
to the length of the bxc A B C. Through d draw E F parallel to 
A G, Make d E equal to K JT, and E F equal to A G. Join 
A E, and draw G F parallel to A E, Divide the arc B C into any 
number of equal parts, as here into four, and through the points 
1, 2, 3, &c. draw lines parallel to B J, meeting JTJT at a', h\ dy &c. 
and intersecting Jif at a, 6, c, &c. Bisect L d in o. Divide o Z, 
o dy each into the same number of equal parts into which the arc 
jB (7 is divided, viz. each into four, at 1, 2, 3, &c. Draw la, 2 ^, 3y, 
&c. on each side of the middle point o, and make 1 a, 2 ^, 3 y, &c. 
respectively equal to a a\ h V, c c', &c. From the point o, and through 
the points a, ^, y, &c. on each side of it draw the curves o a ^ y,,, 
AyOafi y„.Ey and the whole curve A E \a the development of the 
cylindric surface, and the plane of the face of the arch. Draw the 
curve line (r i^ so as to be identical to the curve line A E. Divide 
the straight line E A into as many equal parts as there are ring-stones 
in the face of the arch, as here into nine, and let Sy u, be respectively 
the fourth and fifth points of division from E. Draw F u perpen- 
dicular to A Ey meeting it in u ; and as the point v falls between the 
fourth and fifth points, but nearer to the fifth u than to the fourth *, 
therefore join F u. Divide each springing-line E FyA G, therefore, 
into five equal parts, viz. E F dA the points iV, P, -B, T, and A G at 
O, Q, Sy CT; and join N Oy P Qy R 8y T U. Through the points 
Ny P, By Ty draw lines parallel to P « to meet the curve line E A; 
through the points 0, Q, S, Z7, draw lines also parallel to P m to meet 
the curve line G F; and through the intermediate points of division 
inuAy still parallel to P w, draw lines to meet the curves A Ey G F; 
then Fuy and all the lines parallel to Fuy are the developments of the 
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bed-lines, and the alternate portions of the lines N 0, P Qy &c. are 
the developments of the joint-lines. 

The templets No. 1, No. 2, No. 3, might have been drawn as 
before explained ; or having drawn a e, ef,fmy and the arc a c e^ as 
in Prob. Y, bisect the straight lines aeycfyfrn. Through the point 
of bisection in a e, draw an ordinate ; and from the points of bisection 
in the straight lines efffm, draw perpendiculars to the lines. Make 
the height of each of these perpendiculars equal to the ordinate upon 
2 a; then by Prob. YII, page xii, Introduction, through the three 
points e, h,f, describe the arc e hf; and through the three points 
f, ife, m, describe the arc/ifc m. These arcs do not practically differ 
from the curves found in Prob. V, which curves are portions of 
ellipses. 
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Prob. VI. — To form the springers of an oblique arch. 

Let QAB (Fig 1) be half the right section of the arch, as shown 
in Plate XXIII, A Q being a section of the face of the abutment, A B 
the section of half the intrados, cd A epj ^ section of one of the 
springers, the springers being set upon a level bed, generally six 
inches below the springing-line of the soffit or intrados. The bed« 
line upon which they are placed is represented in section by e d. 
Fig. 2 represents the inside face of the abutment as supporting the 
springers, fghih exhibits the concave face of one of the springers 
corresponding to F G H IK (Fig 3), fgih being the part which is 
in the same plane with the face of the abutment, and the triangular sur« 
&ce ffhi part of the soffit or intrados, each being one*fourth part of the 
development of one of the stones exhibited in Plate XXIII, where 
the springers are also exhibited upon the springing-lines A Gy E F. 

The concave surface ghi will be ascertained by the crooked templet 
cdAe,oi which o ^ is a section of the bed, d A^ section of the plane 
surface of the face of the plane part of the springer, and A e^ portion 
of the right section of the intrados. This templet ia used by applying 
the straight edge c d upon the bed marked /ifc, (Fig. 2,) which, from 
the nature of orthographical projection, cannot be seen as a surface, 
but as a line only. This will easily be understood by the workman. 
While applying the straight edge c doi the templet upon the bed, the 
straight part d A must be applied upon the narrow face fgihy and 
the convex edge A upon the concave surface ghi, which being formed, 
the bed-line h i, and the joint-line h g, must be drawn by bending a 
Kmber mould made to the triangle GHI, (Fig 3,) which is half the 
development of half of one of the stones exhibited in Plate XXIII, 

The triangular soffit of the springers being thus formed, we now 
proceed with the upper bed, as represented by the quadrilateral figure 
hmni (Fig. 2), and the end or abutting joint by Fig. g h ml. 

We may now suppose that the templets have been constructed as 
in Plate XXIII, and that the arch-square No. 3 is that for working the 
beds when the soffit is given or finished, or for working the soffits when 
th€ beds are given or finished. Then if the bed hmni he so formed, 
that while applying the arch-square No. 3, so that the point r between 
the curved and straight edges may be upon the line h i, the carved 
edge V r upon the soffit, and the straight edge r s upon the upper bed, 
and the plane containing the two branches perpendicular to the bed- 
line h i, and if the straight edge coincide with the sur&ce, the upper 
bed will be formed as required. 
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Prob. VII. — Having the projection or plan of a stone, to explain the 
nature of the cylindric surface of the intrados, the properties of the 
spiral surfaces of the heds and joints. 

Let P Q R (Fig 1) be the development of the intrados or soffit 
of a stone, o p qr s t uv the entire projection of the stone, op qr 
representing the intrados, uv s t the extrados, qr s t the upper bed, 
p ovu the lower bed, p q tu the end of the stone which forms one 
side of the joint, the other side being formed by the end of the 
adjacent stone, which must be supposed to be previously set, and rovs 
the side of the joint against which the end of the next stone is to 
come. Also, let No. 1, No. 2, No. 3, No. 4, (Fig. 2,) be the templets 
for working the stone, found as explained in Prob. Y, page 8, and the 
angle of the twist T W Z, found as explained at the top of page 9 ; 
observing that if there is a want of room, the operation may be con- 
densed so as to occupy less space, by using equal portions of the 
radius, and the breadth of the beds as here, by making ar y half the 
radius, and y gi half the breadth of the bed ; then the angle y w gt 
shall be equal to the angle YWZ. The templet No. 5 is a straight 
edge of equal breadth, and No. 6 a straight edge with tapering 
edges inclined to each other^ making an angle equal to the angle of 
the twist. 

With regard to the curvature of the different faces of the stone, all 
the sections of the intrados represented hj op qr, made by planes 
through the axis of the cylinder, are straight lines ; and all the sections 
made by planes perpendicular to the axis, are equal arcs having the 
same radius as that of the cylinder, or that of the right section. In 
every other direction the section made by a plane passing through a 
straight line perpendicular to the axis, is a concave curve or a por- 
tion of an ellipse, at the extremity of the semi-aids minor, which is 
equal to the radius of the cylinder. The templet or convex rule 
No. 1 shall coincide with the convex surface o p q r^ along the 
marginal or bed-lines o p^ r q, and in every direction between and 
parallel to these lines ; and the templet or convex rule No. 2 shall 
coincide with the marginal-lines p q, o r, and with all lines parallel 
top q, r. 

In the side qr s t, which is the representation of the upper bed of 
the stone, there can be no sections of the sur£a,ce made by a plane 
that are absolutely straight lines, excepting those in which the 
cutting-planes are perpendicular to the axis, as the lines qt^rs. The 
bed-lines r q,s t, are very nearly straight, being curves of contrary 
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flexTire, the radius of curvature in the middle being infinitely great ; 
therefore the tangent will very nearly coincide with the curve (see 
the sections, Fig. 1, Plate X, ^nd explanation, page xxviii, Introduc- 
tion.) It is upon this principle, however, that the stonecutter is 
enabled to work the bed independent of the soffit ; as the bed of the 
stone is not only straight in lines perpendicular to the axis, but 
also nearly straight in lines made by the sections of planes which are 
parallel to the axis, so that, practically speaking, two straight lines 
may be drawn through any given point in the spiral bed perpendicular 
to each other, the one being perpendicular to the axis. 

Because the arch under consideration is right-handed, the two 
lines r q, r 8, being considered as in the same plane, it will require 
an angle to be made with a straight line 8 t, at the point * equal to 
the angle Y W Z, or t/ w m, in order to raise the line * * to the plane 
8 r q, OT the point t as much as the broader end of the tapering 
straight edge No. 6 exceeds the narrower end. Therefore, if the 
spiral bed be cut by a plane parallel to a plane between the lines 
r 8, r q, the section of the surface shall be convex ; and if cut by a 
plane parallel to a plane between the lines q r, q t, the section shall 
be concave ; hence a section of the bed made by a plane passing 
through any point in the bed-line r q, parallel to the sectional line 
E C oi the face of the arch, shall be concave. It is on this account 
that the joints between the ring-stones of the face of an oblique arch, 
are concave to the axis-minor of the ellipse. 

The arch-square v q r 8, No. 3, is applied to every point of the 
arris r q, as shown to work the soffit of the stone when the bed is 
previously wrought, or the bed of the stone when the soffit is 
wrought ; and the arch-square t n o p. No. 4, is applied to work the 
ends of the stone as shown, the soffit and the beds being wrought, 
the two limbs of each arch-square being in a plane perpendicular to 
the arris. 
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Frob. Vin. — Supposing the breadth of the arch-stones to be cut into 
two rings of equal thickness, and the external removed, to find the de- 
velopment of the intrados of the inner ring, so that the development 
of the extrados may have the bed and joint-lines, at right angles to each 
other, and to find the templets for ascertaining the form of the stones. 
Let the right section of the intrados be the arc -4 -B C, and let the arc 
a' 6' c' be the section which divides the arch-stones into two equal thick- 
nesses. Prolong C AioDy and make A D equal to the length of the arc 
ABC. Draw A G perpendicular to A D, and make A G equal to the 
length of the abutment. Through D draw E F parallel to A G. Make 
I> iJ equal to CjBT, and jEJjP equal to ^ G. Join -^ iSJ and G^ 2^, and draw 
the curve lines A E and G F, as in the former examples. Bisect A Din 
k, and draw k g perpendicular to A Z>, meeting the straight line AEin 
g. Prolong h Diod, and make k d equal to half the length of the arc 
d V d. Through d draw e/ parallel to E F^ and g h perpendicular to 
A E, meeting efinh. Draw h i perpendicular to E F, meeting^ -P 
in i. Prolong i h toj. Make hj equal to h i, and join i g. Prolong 
A E to e, and F E iol. Draw e I perpendicular to F I, and join g I. 
Divide the straight line A E into as many equal parts as there are ring- 
stones, suppose nine ; therefore divide A E into nine equal parts. Draw 
F K parallel to i g, and let the point K fall upon one of the points of 
division. Supposing that K E contains five of the nine equal parts, 
therefore each abutment A G, E F, will have five springers. Divide 
AG,EFy each into five equal parts, viz. AGsii the points O, Q, S, U, 
and^ jPat the points iV, P, R, T. Through the points A, 0, Q, S, U, 
draw lines parallel to X P to meet the curve line G F; through the 
points N", P, B, T, draw lines also parallel to ^ P to meet the curve 
line AE; and through the points of division in A K, draw line s again 
parallel to IT P to meet the curve line GF; and K F, as also all the 
lines which are parallel to K P, are the developments of the bed-lines 
upon the intrados or soffit of the arch. If the lines N 0, P Q, E S, 
be drawn, they will be parallel to E A. We will suppose them to be 
drawn. Bisect the parts of these lines between every other two ; and 
through each point of bisection, draw a line parallel to ^ Z between the 
two adjacent bed-lines ; and Fig. A E F G, 2i.a shown, will be the 
development of the intrados, answering to the middle development in 
which that of the stones are rectangles. 

Draw a e(Fig. 2) parallel to A C; with o e as a chord, and with I A, the 
radius of the arc ABC, describe the oxcace; draw a/parallel to A G, 
and e/parallel toKF; draw/m parallel to Ig, and draw e m parallel to 
AG; bisect a e, ef,fm, each at the point 2 ; draw 2 c perpendicular to 
aey2h perpendicular to ef, and 2 k perpendicular to fm ; make 2h,2 k, 
each equal to 2 c ; describe the arcs e hfifk m ; then No. 1, No. 2, No. 3, 
are the templets for working the stones, as before shown. 
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Pbob. IX. — To find the corred bevels for cutting the quoin-heads of 
an oblique arch. 

Let ABC (Pig. 1) be the right section ; draw C E perpendi- 
cular to A C, and draw the straight line A E, making the angle CAE 
equal to the complement of the angle of obliquity ; find the oblique 
section A D E of the cylinder (as in Prob. XIY, page xxi, Introduc- 
tion) ; and the curve A D E ib the common section of the concave 
cylindric surface, and the plane of the face of the arch. Divide the 
arc ^ D ^into as many equal parts as the ring-stones are in number ; 
and through the points of division draw bh,ci, dj, &c. perpendicular 
to the curve line AD E, 

Parallel to the chord line A E, draw the straight line G L, (Fig. 2,) 
the points G, L, being taken at any convenient distance from each 
other ; make the angle G L M (Fig. 2) equal to the acute angle 
C E A, (Fig. 1,) which the axis of the cylinder makes with the sec- 
tional line or chord ; draw G Hy G J, G J, &c. (Fig 2,) respectively 
parallel to bh,e i, dj, &c. (Fig. 1) ; draw LHyLI,LJ, &c. (Fig. 2,) 
respectively perpendicular to G H, G I, G J, &c. ; and the lines L H, 
L I, L J, &c. will be respectively parallel to tangents to the curve 
A D E,B,t the points 6, c, d, &o. (Fig. 1.) 

In G L make Go, Gh, G c, &c, respectively equal to G H, G I, 
G J, &c,; draw G M perpendicular to G L; and join a M,h M, e M^ 
&c. Then the angles G a M, Gb M, G c M, &>c, shall be the acute 
angles which tangent planes to the curved surface of the cylinder 
make with the plane of the oblique face ADE,SLt the points h, c, d, &c. 
(See Prob. XXXVI, page Ixvii, Introduction.) 

Let Fig. 3 be the curve of the bed-lines (found as in No. 1, Prpb. 
V, page 8.) Then in each of the bevels. No. 1, No. 2, No. 3, &c. the 
part JPA t is identical to the half/ A t, (Fig. 3,) the straight side 22 F 
of each of the bevels being parallel to G L, (Fig. 2,) and the inner 
edges hq, hs, h u, &c. respectively parallel to a if, b M, c M, &c. 
(Fig. 2). The curved edge h F applies upon the bed-lines which are 
concave, and either of the straight edges of the parallel side serves 
for drawing a line across the bed, which, when the stone is set, shall 
be in the plane of the face of the arch. 

The bevels No. 1, No. 2, No. 3, &c. are those which apply upon 
the bed-lines, where the soffit or intrados forms obtuse angles with 
the fitce of the arch ; and the supplements of these bevels or angles 
apply upon the bed-lines, where the intrados forms acute angles with 
the said face. 
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Let us now suppose that the arch-stones are all set^ except those 
which are required to form the quoin-heads, and that the stones which 
are to form the quoin-heads have been wrought, except the heads or 
ends which are to form the face of the arch. Then, in order to find 
how much is to be cut off each stone in every course, in order to com- 
plete that course, measure the distance of the remaining part' of each 
bed-line upon the development, from the end of the last stone in that 
course to the curve in which each bed-line terminates, and apply the 
distances thus taken upon the arris-lines of the soffit from the end 
which forms the joint ; and the length thus marked off upon each bed- 
line will give the extremities of these lines in the face of the arch. 
Then by the two bevels adapted to forming the head of that course, 
and with the proper bevel for each bed-line, draw a line with the 
parallel side across the bed, the curved edge of the other side being 
upon the arris of the stone which forms the bed-line. The super- 
fluous part of the stone being properly cut away between the two lines 
thus drawn, shall, when the stone is set, be in the plane of the face 
of the arch. 

It must here be observed, that, by the principle of the trihedral, 
the bed and joint-lines on the face are perpendicular to the curve, 
which is the intersection of the cylindric surface, and the plane of the 
fece ; but according to the principles of spiral surfaces, the joints 
on the face are curves, deviating slightly from straight lines, and 
which do not divide the curve of intersection exactly into equal parts. 
However, if the principle be carefully attended to in the execution, 
very little correction will be found necessary, the method being a 
near approximation. Its simplicity is ample compensation for its 
introduction. 

The faces of the arch-stones of the oblique arch at Gateshead were 
cut upon this principle, the angle of obliquity being 76° 42'. The 
work was conducted by Mr. John Battey. The bevels of the stones, 
after the first cutting, wanted no correction. 
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ANOTHER METHOD OP FORMING THE QUOIN-HEADS, 
Derived from the principle qfthe tpiral eomirwHon, 

Fig. 1 exhibits the right section, as also the oblique section or 
elevation, together with the development of the intrados ; Fig. 2 the 
development of the extrados ; and Fig. 3 the templet of the curvature 
of the bed-lines. The oblique section is found as in Prob. XIV, page 
xxi. Introduction, and the two developments as in Prob. IV, page 7. 

The lines in the oblique section, which represent the joints in the 
beds, are found in the following manner : — ^Let h s v r.../(Fig. 1) be 
the curve-line which terminates one end of the development of the 
intrados, corresponding to the sectional-line H I ot J a' on the plan. 
Prolong CAto meet h JP in D ; and through the points s v r, &c. 
which are the ends of the developments of the bed-lines, draw s d, 
v d, r d, &c. parallel to h F, intersecting the bed-lines respectively in 
u, q, 1, &c. Let the development of the first or shortest bed-line 
s k meet h JP in k. Then, because s k, v u, r q, &c. are parallel and 
equi-distant, the parallel-lines h k, s u, v q, &c. are equal to one 
another. From C (Fig. 1) upon C H, set off distances respectively 
equal to d s, d v, d r, &c. ; from the points of section in C H, draw 
lines parallel to C A to meet the sectional-line H I of the oblique 
face ; and from the points of meeting draw lines perpendicular to H /, 
meeting the lower curve I M H in. the points s, v, r, &c. In the 
development of the extrados, (Fig. 2,) the points 6, c, e, &c. are the 
ends of the bed-lines which terminate in the curve. Perpendicular 
to a d, draw hi, ei,ei, &c. meeting a J in t, t, t, &c. Upon c' J 
(Fig. 1) from c', set off distances respectively equal to 6 t, c i, &c. 
(Fig. 2). From the points thus marked off, draw lines parallel to 
c' Oy or C Ay to meet the sectional-line Jo!; and from the points of 
meeting draw lines perpendicular to J a', meeting the curve of the 
extrados in the points /S*, V\ B', &c. Join S' s, V v, B' r, &c. which 
are the representation of the intersections of the beds in the oblique 
section of the arch.* 

Let Fig. 4 be the representation of a portion of the end of the 
cylinder adjacent to one of the oblique faces, which is represented by 



• The reader must observe, that the lines 5 s, Vy,Rr, Ac. which represent the 
joint-lines between the ring-stones, are not absolutely straight lines, but curves. 
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the curve E S V B...!, and wliich, by hypothesis, is identical to the 
semi-eUipse IT a v r... J (Fig. 1). Let iS JE; F 17, 22 Q, &c. (Fig 4,) 
represent portions of the first, second, third, &c. of the spiral bed- 
lines ; and let H K, S U, V O,. &c» be supposed to be drawn on 
the surface of the cylinder parallel to the axis ; and let H Y, S T, 
VP, &c. be parallel to EL Then the straight lines E K, S U, 

V Q, &c. are by hypothesis equal to h k, s n, v q^ &c. (Fig. 1,) 
and are consequently equal to one another ; moreover the angles 
KEYy UST, QVP,&c. ate each equal to the angle of obliquity 
(7 IT J (Fig. 1). 

Prolong S s (Fig. 1) to y, F v to t, iZ r to p, &c. and draw s t, 

V p, r o, &c. parallel to EL Let S a meet fl" J in y ; and let E Y, 
8 TfVP, &c. (Fig. 4,) be supposed to be made respectively equal to 
JTy, s t, V p, &c. (Fig. 1) ; and let S Y, V Ty E P, &c. (Fig. 4,) be 
joined ; then by hypothesis S Y, V T, B P, &c. are respectively 
equal to s y, v t, r p, &c. (Fig. 1). Without repetition, it may be 
recollected that in each of the triangles represented hjKEYy US T, 
V Py &c. (Fig. 4,) two sides and the contained angle are given ; 
therefore in each respective triangle the third side may be found, 
and in each of the triangles represented hj KY Sy U T V, QP E, 
&c. the three sides are given; hence the angles represented by 
KS YyUVTyQE Py* &c. may be found. 

It may be readily admitted, that a short length of the development 
of a spiral-line will not differ sensibly from the length of the line 
itself; therefore the lines s k, v u, r q, &c. (Fig. 1,) which are portions 
of the developments of the bed-lines, will, in practice, be equal to 
equal lengths of the spirals themselves. 

Draw h k (No. 1) in any convenient situation ; make the angle 
khy equal to the angle C E I (Fig. 1) ; and make h h (No. 1) equal 
to h k (Fig. 1). Make h y (No. 1) equal to E y, (Fig. 1,) and join h y 
(No. 1). With the distance y s (Fig. 1) from y, (No. 1,) describe an 
arc at * ; and with the distance k s (Fig. 1) from ifc, (No. 1,) describe 
another arc intersecting the former in «. Join y s, and prolong ys to a. 

Draw 8 u (No. 2) in any convenient situation ; make the angle ust 
equal to the angle C E I, (Fig. 1,) and make s u (No. 2) equal to s u 
(Fig. 1). Make s t (No. 2) equal to s t, (Fig. 1,) and join u t (No. 2). 



• The angles represented hj KS V, UVT, Q 12 P, 4c. are respectively contained 
by the curve-lmes K S, U V, Q R, Ac. and the straight lines S V, VT,R P, &c. and 
therefore represent the complements of the angles made by the bed-lines on the soffit, 
and on the face or elevation of the arch. 
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With the distance t v (Fig. 1) from t, (No. 2,) describe an arc at v ; and 
with the distance u v (Fig. 1) from u, (No. 2,) describe another arc 
intersecting the former in v. Join t v, and prolong tvtofi. 

Draw V q (No. 3) in any convenient situation. Make the angle qvp 
equal to the angle CHI, (Fig. 1^) and make v q (No. 3) equal to v q 
(Fig. 1), Make vp (No. 3) equal to v p, (Fig. 1,) and join qp (No. 3). 
With the distance p t (Fig. 1) from p, (No. 3,) describe an arc at r ; 
and with the distance q r (Fig, 1) from q, (No. 3,) describe another arc 
intersecting the former in r. Join p r, and prolong p r to y.* 

With the mould of curvature of the bed-lines, draw the curve-line 
k Sy (No. 1,) the curve-line u v, (No. 2,) the curve-line q r, (No. 3,) 
&c. ; then the angle ks<h (No. 1,) contained by the curve-line k 8, and 
the straight line s a, is the bevel adapted to the first joint ; the angle 
tt © ft (No. 2,) contained by the curve-line u v and the straight line 

V ft is the bevel adapted to the second joint ; the angle qvy, (No. 3,) 
contained by the curve-line q r and the straight line r y, is the bevel 
adapted to the third jpint, and so on. 

Li each case the curved edge must be applied along the arris of the 
stone between the soffit and bed, and the straight edge across the bed, 
in order to draw the line which, when the stone is cut, the surface 
shall be in the plane of the £ice. 

• The leader will no doubt hare observed, that the Imes h k, (No. 1,) su, (No. 2,) 

V Of (No. 3,) must be equal to each other, because the lines h k, s u, y q, Ac, (develop- 
ment of the intrados,) are equal to each other ; and that the lines h y, (No. 1,) s t, 
(No. 2,) V p, (No. 3,) Ac. are respectively equal to h y, s t, v p, Ac. (oblique section) ; 
moreover, that the y «, (No. 1,) t v, (No. 2,) p r, (No. 3,) Ac. are respectively equal 
to y B, t V, p r, Ac. (oblique section) ; and that the lines k s, (No. !,)«», (No. 2,) q r, 
(No. 3,) Ac. are respectively equal to k s, u v, q r, Ac. (development of the intrados.) 
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ANOTHER METHOD 

Practised by workmen, is to set up two staves or straight edges 
perpendicular to the horizon, in the plane of the face or elevation of 
the arch. Draw all the bed-lines upon the boarding. Prepare two 
moulds, as shown at No. 3, No. 4, Plate XXV ; the one. No. 3, re- 
presenting a section of the stone,* and the other. No. 4, the bed.'f 
Make moulds to the developments of the ends of the boards, and these 
moulds will serve for drawing the ends of the stones upon the soffit. 
In order to find the moulds for cutting any particular stone, so as to 
range in the plane of the elevation of the arch, place the section No. 
3 as nearly at right angles to one of the bed-lines, and as nearly to 
the plane of the elevation as possible ; then place the mould No. 4, 
so that the under edge nop may be upon the bed-line, and the side 
resting upon the edge of No. 3, the two planes being perpendicular 
to each other. Place a straight edge upon the face of No. 4, so that 
the edge may be upon the end of the bed-line which is in the plane 
of elevation, and the straight edge out of winding with the straight 
edge of one of the staves. In this position draw a line along the 
straight edge upon the face of the board; and the line thus drawn 
will make an angle with the bed-line, which is a curve nearly equal 
to the angle which the line on the end of the bed of the stone makes 
with the bed-line. 

In this manner the face of every stone, so as to range in the plan 
of elevation, may be formed. 



Proposition. — To construct an oblique arch, the angle of obliquity 
being 45% the span of the oblique face or length of the front 25^ 
feet, the height of the intrados 5§ feet, the distance between the 
feces 13J feet, and the number of spiral courses 17. 

Draw the straight line A H, and make A H equal to 25*5 feet. 
Make the angle A H C equal to the angle of obliquity, that is, 
equal to 45°. Draw A C perpendicular to H C, bisect A Cine, and 

* The mould No. 3 is not absolutely the section of one of the stones, as niade by 
a plane perpendicular to one of the bed-lines, but nearly so. 

f Nor is the mould No. 4 the bed of the stone, which is a spiral surface, and there- 
fore not a plane. The practice by this method is therefore a near approximation, as 
in the other two preceding methods. 
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draw e B perpendicular to A C. Make e B equal to 5'875 feet, and 
tlirough the three points A, J5, C, describe the arc of a circle. Pro- 
long C Ato D, and make A D equal to the length of the arc ^ ^ C. 
Through D draw E F perpendicular to A D, and make D E equal 
to C H. Upon D E describe the segment D c E of ^ circle similar 
to the segment A B C oi the right section, which in this case, 
because A C and D J? are equal, the segment D c E is equal to 
the segment ABC. 

Bisect the arc D c ^ in c, and from c draw the straight line c L 
parallel to D A, intersecting D ^ in J. Make dL equal to D A, and 
bisect d L in o. Divide each of the arcs c E, c D, and each of the 
straight lines o d, o L, into any number of equal parts, (as here into 
four,) at the points 1, 2, 3, &c. From the points 1, 2, 3, &c. in each 
of the arcs parallel to d L, draw 1 a, 2 ^, 3 y, &c. ; and from the 
points 1, 2, 3, &c. in each of the straight lines parallel to D E, draw 
1 a, 2 p, 3 y, &c. From A, through the points of intersection to E, 
draw the curve AyfiaOafiyE, which is the development of the 
intersection of the plane of the face of the arch, and the cjlindric 
surfece, or the projection of a spiral, of which the length is equal to 
the length of the arc of the right section, and the breadth equal to 
the distance of obliquity. 

Draw A G perpendicular to A C, and prolong H C to Q. Draw 
A p perpendicular to A H, and make A p=zl3'5 feet, the distance 
between the faces of the arch. Through p draw G Q parallel to AH, 
and draw G F parallel to A E. Then the parallelogram AHQG 
is the plan of the arch. Make the curve G F the same as the curve 
A E; and the curve lines A E, G F, will be the development of the 
curves formed by the intersections of the faces of the arch, and the 
development of the surface. 

Draw F V perpendicular to A E, meeting the straight line A E 
in V; and if the straight line A E he divided into seventeen equal 
parts, it will be found that A F will contain ten nearly, and VE seven 
nearly. Therefore, divide each abutment, A G and E F, into seven 
equal parts. Draw lines from each of the points in each abutment 
parallel to F F, to meet the curve-line FGa.t one end, and the curve 
AEsLt the other. Also, divide the distance A Finto ten equal parts, 
and through each point of division parallel to VF, draw a line to meet 
each of the opposite curves, and the whole of the bed-lines will thus 
be drawn. From each of the seven points draw lines as in the figure 
parallel to A E, leaving the alternate portions blank ; the remaining 
ones will represent the ends of the courses. 
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TO MAKE THE TWISTING RULES. 

Draw X W parallel to AG,milX Yparallel io DA; make X Y 
equal to the radius J-4 or / C, and draw Y TF parallel to V F; pro- 
long X YtoZ, and make Y Z equal to four feet, the breadth of the 
beds ; join Z W; and the angle Y W Zis the angle of the twist. 

The length of each of the twisting rules must be equal to the length of 
the stones. The figure of one of them is a trapezoid, and the two straight 
edges in the length are inclined to each other, at an angle which is 
equal to the angle of the twist ; or if a line be drawn on one of the 
faces parallel to one of the edges at the breadth of the narrower end, 
the line thus drawn shall cut off a parallelogram or rectangle, and will 
make an angle with the remaining edge equal to the angle Y W Zy 
the angle of the twist. The other rule is a rectangle of the same 
breadth as the narrow end of the tapering rule, which is generally 
about three inches. 

TO CONSTRUCT THE TEMPLETS FOR WORKING THE STONES. 

Draw a e parallel to -4 C of any convenient length, and with the 
radius I A oi I C describe the arc o c e. Draw af and e m parallel 
to A G, Draw e/ parallel to V F, and fm parallel to E A. Bisect 
the straight line a e in 2, and draw 2 c perpendicular to a e, meeting 
the arc a « in 0. Bisect e/in 2, draw 2 h perpendicular to ef, make 
2 h equal to 2 c, and through the three points e, h, fi describe the arc 
of a circle, which will be the curve of the bed-lines. Bisect the 
straight line/m in 2, draw 2 k perpendicular to fm, make 2 k equal 
to 2 0, and through the three points f, k, w, describe the arc of a 
circle. Make two templets. No. 1, No. 2, to form the segments 
fhe,fkm. Make also two arch-squares. No. 3, No. 4, having the 
inner edge of one limb made to the circular arc, and the other a straight 
tending to the centre of the circle, of which the curve is an arc. The 
arch-square No. 3 is for working the soffit, the bed being previously 
wR)ught ; or for working the bed, the soffit being previously wrought. 
The arch-square No. 4 is to find the direction of the joints. The 
curved edge of the limb No. 3 is the same as the half-segment 
No. 2, and the curved edge of the limb No. 4 is the same as the 
half-segment No. 1. 

The method of cutting the quoin-heads is explained in Prob. IX, 
page 19. See also page luucvii. Introduction, where the principle is 
explained. 
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BEMABE. 

The oblique arch required to be constructed by tlii0 propositioB is 
the model, No. 38, exhibited in the Polytechnic Exhibitioji, which was 
held in Newcastle-upon-Tyne in 1840. It was constructed in plaster 
by three of my pupils belonging to the School of Fine Arts, namely, 
Thomas Bryson and Lancelot Armstrong, masons, and William Tate, 
joiner,- for the purpose of competition, and shewing the principle of 
working the arch-stones. The templets are made of wood, which 
are placed upon the model. The scale is an inch to the foot. 

The above model has only sixteen spiral' courses, although seven- 
teen were intended. However, the calculations in all the principal 
parts will be the same. 

The following gratifying letter on this subject was forwarded to 
me from the Eev. E. D. Rendell, Secretary to the Exhibition : — 

" AoADDiT OF Abt», Jtme I3th, 1840. 

** Sib — I haye pleasure in informing you, that the committee fer awarding the 
premiums for models now exhibiting in the Newcastle Exhibition, have awarded to 
your three pupils, namely, Thomas Bryson, mason, William Tate» joiner, and Lancelot 
Armstrong, mason, for the construction of the model of an oblique arch, with the 
motto, ** Whatever science discovers to be useful, let it be known," the premium of 
five pounds ; and also in stating that I shall have pleasure in paying that sum to 
them on Saturday, the 20th instant, if they will call on me for that purpose, at the 
same time producing this letter. — I am. Sir, yours respectfully, 

« E. D. RENDELL, Secbetast." 

In this plate, and in each of the three following plates, the paral- 
lelogram A H Q G ia the plan of the arch- way, A G, H Qy being the 
length of the abutments, and A H, G Q, the lengths of the two faces 
or elevations. Draw Q P perpendicular to A H, meeting A JS ia P, 
and P Q is the distance between the front and rear faces. 

The figure AEFGiaihe development of the intrados, A G, E F, 
the springing-lines, and A D perpendicular to E F, contained between 
the parallels AGyEF, is equal to the length of the arc ABC, The 
straight line ^ JEJ is the length of each spiral-line in which the joints 
are arranged. Draw F V perpendicular to A E^ meeting A Em V; 
E V ia the breadth of the springing courses ; moreover A V ia the 
breadth of the entire courses. It is evident in the development, that 
since the bed-lines are all perpendicular, and the joint-lines parallel 
to A Ey the springers are equal right-angled triangles, each similar 
to the triangle EDA, viz. the triangle Euv to the triangle EDA. 
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The ocmrtmctioii of the derelopinent of the intradoB lias already been 
explained. 

In the triangle A C E, right-angled at C, are given the angle 
AHC=i5% the hypothenuae A H=25i feet, to find ^ C and fl^ C 
rad. 1 : on. 4^ :: A H: A C. 

A C=8in. 4o° X ^ S=-70711 X 25o=1803ia=fl^ Ci:^D E= 
18 feet nearly, the distance of obliquity. 

In the right-angled triangle H P Q, are given the angle P H Q or 
A H Q=4o°, and the opposite side P Q=13-5, to find H Q=A. G 
=EF. 

sin. 45° : rad.=l :: P Q : JJ Q, the length of the springing- 

Ime, or 70711 : 1 :: 13-5 : H Q=-~^=19-091=191 nearly, the 

-70711 ^ 

length of the springing-line. 

From the chord equal to 18*0313 feet, and the height of the arc= 

5J feet=5-875 feet, we shall find the radius of the circle equal to 

9-85 feet nearly, and the length of the arc 22-766 feetzz;^ 2>. 

2I 2>*=518-290 nearly. 

D jEr^3251277 nearly. 



.-. A J&»=843-4177 nearly. 
.-. A ^=\J(843-4177)=29-0 feet nearly. 

Let r be the radius of the cylinder, R the radius of curvature of the 
joint-line spirals, and B^ the radius of curvature of the bed-line 
spirals. 

Then A E" X r=843-4177 X 9-85=8307-664345. 

_, AE^Xr 8307-664345 .^^^^ * 1 
^-AD^= 518-29 =^^'^^ ^^* ^^^^• 
_ AE^Xr 8307-664345 o/. «w * i 
^'=-D:^="325l27l^=^^'^^ ^''* '''^^^• 
By similar triangles, A E D, F E V: — 

AE:ED::FE:E F=^^^^=^^||^=ll-78 feet nearly. 

Then as ^ -4 is to V E, so is the entire number of spiral courses 
to the number of courses in each abutment. 

Or 29 : 11*78 :: 17 : A F=6-9, which is nearly equal to seven. 
Therefore ll-78-r-7=l'68 feet, the thickness of the springing courses. 

11-78 feet subtracted from 29 feet, gives 17*22 feet, the breadth of 
the entire courses. 

17'22-f-10=:l"722, the thickness of the entire course. 
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Example I. — Oblique Arcli over Willington Waggonway, upon the 
Newcastle and North Shields Ballwaj. 

DESIGNED BT BOBEBT NICHOLSON, CIVIL ENGINEER. ' 

In this example are given the distance of obliquity equal to 13*63 
feet, the width of the right section of the arch-way equal to 17*374 
feet, the height of the intrados equal to 6 feet, the length of each 
springing-line equal to 32^ feet, and the number of courses equal to 
23 ; to find the requisites for executing the work. 

From the chord 17*374 feet, and the height 6 feet of the arc, will be 
found the radius 9*29 feet, (Introduction, page xliii, Prob. XXV,) and 
the length of the arc 22*46 feet (Introduction, page xli, Prob. XXIV.) 

In the triangle ADE, right-angled at 2), are given A 2)=22*46 feet, 
and Z> ^=13*63 feet, to find A E, and thence the radii of curvature. 
Now, A i>»=22*46'=504*4516=504*45 feet nearly. 
And D ^»=13*63»=185*7769=185*78 feet nearly. 

.*. A E'=A D^+D ^'=690*2285=690*23 feet nearly. 
A J5;=V(690*2285)=26*27 feet nearly. 

Let r=9*29 feet, the radius of the cylinder, B equal the radius of 
curvature of the joint-line spirals, E' equal to the radius of curvature 
of the bed-line spirals. 

Then R=-j^. and 2^'=-^^.-* 

Now, A ^»X*=690*23X9*29=6412*24 nearly ; 
Therefore i2=6412*24-=-504*45=12-6 feet nearly. 
And 2e'=6412*24^185*78=34*5 feet nearly. 

By similar triangles, A E D,FE V; 

AE:ED::FE: V E=^.^^J^:^±^1^-^ feet. 

A V=A E^rj&=26*27— 16*86=9*41 feet. 

Then as -4 ^ is to V E, so is the entire number of courses to the 

number of springers or springing courses. 

Let 0^23 be the entire number of courses, and x the number of 

. ^ . T, ^ rr ^ yXa 16*86X23 - , ^^ 

springers required, AE : EV :: ai «=' A F "^ 26*27 — ^ -"-^-Tb. 

But as 14*76 is nearer to 15 than to 14, let the number of springers 
be 15 ; and the 15 springers will have 15 arch-stones for the heads of 
the courses which they support. 

Now, 23 — 15=8, the number of courses independent of the spring- 
ing courses. 

Or 15-|-8^23, the entire number of courses. 

16«86-f-15=l*124 feet, for the thickness of the springing courses. 

And 9*41-7-8=1*176 feet, the thickness of the independent courses. 

• See Introduction, page Ix, Prob. XXXIV. 
£ 
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£3LA]fFEiB n.— ^ObHque Aroh over High Street, Oatefihei^ upon the 
BrandUng JunctLon Haihraj. 

DBSIGICED BT JOHN iiND BENJAMIN 6BEEN, ARCHITEGTS. 

In this example aare giren the distance of obliquity equal to 9*166 
feet, the width of the right section equal to 38*75 feet, the height of 
the intrados equal to 6 feet, the width above the arch between the 
ontsides of the parapets equal to 26 feet, and the number of courses 
equal to 29. 

By similar triangles, A CH^QPH; AC: C H :: Q P : P H. 
. p rr-_^j?XQP_9*166x26 

.*. H Q=fs/{P Q'+P ff')=V(26»+6-15')=26-71 feet, which is 
the length of each springing-line or abutment. 

From the chord equal to 38*75 feet, and the height of the arc equal 
to 6 feet, are found the radius equal to 34*28 feet, and the length of 
the arc A B equal to 41*19 feet, which is the breadth of the develop- 
ment of the intrados. 

In the triangle A D E, right-angled at D, are given A D=4i*19 
feet, and Z) ^ = O JJ=9*166 feet, to find A E. 
Now, AD' = 41*19^ = 1696-6161 = 1696*62 nearly. 
And i> JE;« = 9*166» = 84-0155= 84* nearly. 
/. A E'=A P'+D E'= 1780*6316 = 1780*63 nearly. 
.-. A ^=//(1780*6316)=42*197=42*2 feet nearly, which is the 
length of the spiral joint-line on the intrados. 

Now, A J57X**=1780*63X34*28=61039*9964=61040* nearly. 
.*. i2=61040-2-1696*62=35-9=36 feet nearly; and 

2e'=61040-f-84=726*7=726 feet nearly. 
By similar triangles, A E D, FE V; A E :E D :: FE : E V. 

. ^r^_ EDxF E EDXAG 9166X26*71 .q. , , 
.. ^ r=— ^-=_j-^-= _._=5*8feetneaxly. 

Then^^:^ V :: a : of. 

.. a?i= ^ XT = ±o.o" ^^^ nearly, for the number of springers. 

Now, 29 — 4z=25, the number of whole courses ; and A V=zA E— 
E r=42*2— 5*8=36-4 feet, which is the breadth of the development 
of the intrados of the entire courses. 

.*. 5-8-7-4=1-45, the thickness of the springing courses ; and 
36*4-7-25=:l*456, the thickness of the entire courses. 

By similar triangles, E B A^Euv; E D : D A :: E u : u v. 

. . u V T=-g — ^ — Q'laa — =b*Dl feet nearly, which is the 

length of the inclined back of each springer; and ^6*71-r4=6*677, 
the length of the bed. 
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Example III. — Being one of the four Oblique Arches of the Bridge 
over the Eiver Tees, upon the great North of England Bailwaj, 
near Croft. 

DESIGNED BT HfiNBT WELCH, CIYIL EKGINEEB. 

In this example are given the angle of obliquity equal to 50^, the 
span of the oblique fece equal to 60 feet, the height of the intrados 
equal to 14*5 feet, the distance between the parapets 28*75 feet, and 
the breadth of the courses on the intrados equal to 13 inches. 

In the triangle ACH, right-angled at C, are given the angle AH C 
equal to 50**, and the hypothenuse A H equal to 60 feet, to find A C 
and H C. 

rad. ism.H'' ::AH'.A C. 

. ^ ^^ sm.HJUH ^^^ 50*^X60 = -7660X60 = 45-96 feet 
racl.* 

nearly, and rad. : cos. H° :: A H : H C. 

. ff p^ coB. g°X^ ^ =co8. 50^X60= -6428x60 = 38-568 feet 
rad. 

nearly, which is the distance of obliquity. 

In the right-angled triangle H P Q, axe given in the angle PHQ' 
or A H Q equal to 50°, and the opposite side P Q equal to 28*75 
feet, to find H Q=A G=E F. 

sin. £r°:rad. :: P Q : H Q. 

. rrn rad.XP Q 28-75 28*75 o^ .„ i. . i,- i, • *i, 
:. H Q=—. — 7ro-=-: — g7i= noD = ol'53 feet, which is the 
sin. H° sin. 50 -766 

length of the springing-line ; hence A G^E F^37'53 feet. 

From the chord of the arc equal to 45*96 feet, and the height of the 

intrados equal to 14*5 feet, we shall find the radius of the circle equal 

to 25-46 feet nearly, and the length of the arc equal to 57*82 feet 

nearly. 

Now, A D'»=57*32»=3285*5824=3285*58 nearly; 

And D ^=38*57'=1487*6449= 1487*64 nearly. 

.*. A E^^A D^-^-D ^«=4773*2273=4773-23 nearly. 

.-. A JS;=a/C4773-2273)=69*08 nearly. 

.-. A ^'Xr=4773*23x25-46=121526*4358. 

.-. i^=121526*44-^3285*58=36-99 feet nearly. 

.*. 12'=121526-44^1487'64=81-6ftfeet neariy. 

By aimilar triamglesy A E I>,FE V; 

A^ *,^ U« «^r EDxFM 38*568 X37-54 
AB:ED::FE ; E F= J^ = ^° ^^' "^^ =20*95 feet. 

* Radiuttzsl. 
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Now, 69'08Xl2-f-13=63-7 for the number of courses, say 63. 
69-08 : 20-95 :: 63 : «=^5^^= 19.1= 19 nearly, whicli is the 

number of springers in each abutment. 

/. 37-53-7-19= 1-97 feet nearly, for the length of the bed of each 
springer. 

E t»= 20-95x12-5-19= 13-23 inches, which is the thickness of each 
of the springing courses, or the breadth of each springing course on 
the soffit. 

Now, 63—19=44, which is the number of entire courses; and 
69-08— 20-95=48-13 feet, is the breadth of the soffit of the entire 
courses. 

.-. 48-13Xl2-r44= 13-12 inches, which is the thickness of the 
entire courses. 

By similar triangles, E D A, Ewv; 
E D: DA :: Eu :.uv. 

DAXEu 57-32x13-23 



of the inclined back. 



38-57 



= 19-66 inches, which is the length 



TO FIND THE ANGLE OF THE TWIST. 



In the triangle A D Ey right-angled at D, are given 
D JS=38-57, and A D^&T'b2y to find the angle BAD. 



f^T, n A 7?J^ ^ 38-57 .^oQ J A^ 




AB.DE::1 

=tan. 33^ 56'. 

In the triangle A D F, right-angled at D, are given the side A D 

=25*46= the radius of the cylinder, and the angle A FD equal to 

the angle D A ^=36° 56', to find D F. 

* jr»ni.. jnnrr AD 2546 2546 

tan. AFD:1 :: AD :DF=' . „ ^ =1 5S-?f=^7t?>5 = 

tan. AFD tan. 36*56 6728 

37-84 feet. 

Suppose now the thickness of the arch to be 2 feet 6 inches=2-5; 
then 25-46-f-2-5 =27-96, the radius of the exterior cylinder. 

Produce the side D il of the triangle A D F to J; make D jr= 
27*96, and join AF; then in the triangle J D F, right-angled at D, 
are given the side J D«27*96; and the side D 2^=37*84, to find the 
angle J F 2). 
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D T 27*Qfi 
FD'.DJ::l:tm.JF ^=^=^7§=*73-89=4an. 36° 37'. 

Hence < J F D — <A F D=<A F J, the angle of the twist ; 
Or 36° -27—33° 56=2-31', the angle of the twist. 

But as measures in degrees, &c. are not adopted for the use of 
workmen, it will be more convenient to reduce the breadth, at a 
certain distance firom the angular point, to inches. 

Suppose the length of «ach of the winding rules to be 5 feet, and 
the breadth of the parallel one to be three inches, it wiU be — 

1 : tan. 2° 31 :: 5 : the additional breadth at the greater end; or 

1 : -04395 :: 5 : -21975 feet==2-64: inches nearly. 

.'. 3+2-64=5-64: inches, which is the breadth of the greater end, 
3 inches being that of the less end. 

For the application of those straight edges, see page 9, as also 
pages 16 and 17. All the six templets are exhibited in Plate XXV, 
as No. 1, No. 2, No. 3, &c. 
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EXABCPLE FOR PRACTICE. 

In tins example are given the length of the oblique face^ equal to 
42 feety the width of the right section of the arch-way equal to 19 
feety the height of the intrados equal to 7 feet 1 inch, and the distance 
between the external faces of the parapets equal to 14 feet. By similar 

AC:AH::QP:QM; 

/. Qg^' ^^^^^.^^^^^ ==30'9473 feet, the length of the abut^ 

ments or springing-lines. 

From the chord of the arc equal to 19 feet, uid the height of the 

intrados equal to 7 feet 1 inch, will be found the radius of the circle 

equdl to 9*912 feet, and the length of the arc equal to 25*4026 feet 

nearly. 

Now, A 2)»=25-4026»=645-29208676=645-3 nearly. 

And D JS'=37-4566»=1402-99688356=1403 nearly. 

.-. A E^=A D'+ D ^»=2048-28897032=2048-3 nearly. 

.-. A jEr==V(2048-3)=45-258 feet nearly. 

.-. A i:'Xr=2048-3X9-912=20302-75 nearly. 

.-. E=^A E^Xr^A Z)»=20302-75-f-645-3=31-4 feet nearly. 

.-. 22'=^ E'Xr^D JS;«=20302-754-1403-=14-4 feet nearly. 

Then, by similar triangles, A E DyF E V; 

AE:DE::FE: E V. 

. _ _^ EDXFE 37-4566x30-9473 

.-. ^ F = -— j^_= —^ 26-612 feet, the 

breadth of the springing courses on the head of the arch. 

/. 45 — ^26=19, the number of entire spiral courses, and 45-258— 
25-612=19*645 feet, the length of the sofBlt of the entire courses. 

.-. 30*9473-7-26=1-19 feet nearly, for the length of the bed of each 
springer. 

.-. E t»=25-612Xl2-r26=ll-82 inches, the breadth of the soffit of 
each springing course. 

.-. 19'643Xl2-T-19=12-406 inches, the breadths of the soffits of the 
independent courses. 

And, by similar triangles, E D A,Euf); 

ED:DA::Eu:uv. 

DAXEu 25-4026X11-82 onm o • i, i 

.•.ut,=— g-g 37.4566 ^'^^-^ "^^^^ °^^^' 

which is the length of the inclined back of each springer. 
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Plan and Elevation of tlie Oblique Bridge oter the River Gannless, 
near Hagger Leazes Lane^ St Helen's^ Auckland. 

DEBIONSD BT THOKAS 67<MIT, G. E. 

This bridge was executed hj Thomas Wilson, mason. The manner 
of tracing the elevation from the plan is as follows : — The right section 
being ABC, and B the middle of the arc. In the half-arc B C, take the 
points 1, 2, 3, &c. at pleasure, and draw Bpylq,2rySs, &c. perpendi- 
cular to A C, meeting AHinp, q, r, $, and intersecting A Cm a', h\ c^dl, &c. 
Draw R ^parallel to A H, at any convenient distance from A H, for the 
top of the plinth ; and draw p S^q a,r fi,fyy &c. perpendicular to A H, 
intersecting BTina, h, c, d, &c. Make aS,ba,cfi,dy, &c. respectively 
equal to ^'B, b'ly o'2, cf 3, &c. draw the half S T, and the other half 
E JS being drawn, will form the whole curve RST of the intrados of the 
arch. The angle of obliquity is computed to be 26° 54' from the dimen- 
fflons, which are, lihe length of each face 42feet, the width of the arch-way 
19 feet, and the distance between the faces 14 feet, as shewn in a drawing 
sent to me by the engineer, of which the oppositeplate is a reduced copy. 
OBSERVATIONS. 

To construct an oblique arch entirely of stone is, in some oountries 
where it is difficult to procure, very expensive. However, in order to 
build one which will be sufficiently strong at a moderate price, it is 
necessary that the imposts or springings should be of stone, and, to 
have the appearance of good work, the quoins which form the ring- 
stones and the head of the arch should also be of stone. Then the 
intermediate parts of the courses may be of brick, (allowing perhaps four 
courses of bricks to each stone springer,) depending on thickness at the 
abutment. To work the springers and the quoin-heads, the same tem- 
plets will be required as if the arch had been constructed entirely of 
stone. The templets are described in pages 8, 11, 13, 15, 16, 19, Pre- 
vious to setting the brick courses, the boarding or laggings should be 
truly adjusted and fixed ; and, for the regulation of the work, the bed- 
lines should be drawn thereon in their true position. In order to try 
the i/f ork as the bricklayer proceeds, he ought to use a kind of set- 
square, made of thin board, containing an angle exactly the reverse of 
the templet No. 3, Plate XXI ; and, consequently, the curved edge 
will be concave instead of being convex, as in the arch-square. In 
tryii^gany course, the set-square must have the point between the curved 
and straight edge upon the bed-line, the curved edge upon the boarding, 
and the straight edge upon the side of the course, the two edges being 
in a plane perpendicuhtr to the bed-line. The sides of each course 
being made to agree with every application of the set-square, will be 
what it ought to be. In stone courses, if the stones are truly wrought, 
the spiral surfaces of the beds will all agree with a set-square ; and, 
therefore, in this case it will be unnecessary to provide one. 
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A PRACTICAL METHOD 

OF CONBTSnCTINO AS MUOH OF THB DEYILOFUENT OF THE OBLIQUB ARCH TO THX FULL BIZB, 

AS WILL BB F0T7in> BUTFICIBNT FOB MAKING THB TEMPLETS FOB THE USE 

OF THE WOBKMBN. 

Draw the straight line C, (Fig. 1,) and in C take any point E. 
Draw E A perpendicular to O C, and make E B equal to the height 
of the arch. Prolong B Eio ly and make B I equal to the radius of 
the cylinder. With the radius I B describe the arc B C, and per- 
pendicular to E C draw C F. Make C F equal to the distance of 
obliquity, and join E F. Make E equal to the length of the arc 
B C, and divide the arc ^ C and the straight line E each into the 
same number of equal parts, at the points 1, 2, 3, &c. From the 
points 1, 2, 3, in the arc A C, draw 1 a', 2 6', 3 c', &c. meeting E C 
in a', Vy e'y &c. intersecting E F ina, b, e, &c. ; and from the points 
1, 2, 3, &c. in the straight line E, draw 1 a, 2 0, 3 y, &c. Make 
1 a, 2 0, 3 y, &c. respectively equal to o' a, V h, c' c, &c. ; and from O, 
through the points a, ft y, &c, draw the curve a ^ y Ay which will 
be half of the development of the intradosal line. Join A O, and A O 
is half the line of the subtense. 

The construction of Fig. 1 will become evident by comparing it 
with Fig. Ay which shows the development of the intradosal line to 
the full extent. Fig. ^ is a part of the construction of Plate XXIII, 
of which see the explanation, page 13. The curve-line a ^ y A, 
(Fig. 1,) is identical to the curve-line oafiyAy (Fig. A) ; and in Fig. Ay 
the part o a ^ y E v& identical to the part o a p y A; and both parts 
make the entire development of the intradosal line. 

Parallel to E C, in any convenient place, draw the straight line a e 
(Fig. 2) of any convenient length ; and upon a 6 as a chord, with the 
radius of the cylinder, describe the arc a e e. Draw a/, e w, perpen- 
dicular to a ey and draw e/ perpendicular to A 0. Bisect a e in 2, 
and draw 2-2 parallel to e w, meeting efin 2, intersecting the arc 
ace 'me. From the point 2 in e/ draw 2 h perpendicular to efy and 
make 2 h equal to 2 c. Through the three points e, hyfy describe the 
arc ehf. Draw fm perpendicular to e / and prolong 2-2 to meet /m 
in 2. Draw 2 k perpendicular to fm; make 2 k equal to 2 c; and 
through the three points/, ky m, describe the arc / ib m. 

In any convenient place parallel to E draw of ^y (Fig. 3,) and in 
w ;t make jir y equal to half the radius of the cylinder ; draw y w per- 
pendicular to A O, (Fig. 1,) and draw x w perpendicular to O E; 
make y si equal to half the breadth of the beds ; join w z ; and y w z 
JB the angle of the twist. 
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' APPENDIX 

CONTAINING VARIOUS ARTICLES CONNECTED WITH THE OBLIQUE ARCH. 



Article I. — To find the solidity of an oblique arch. 
RULE. 

Multiply the length of the springing-line into the length of the arc 
of the extrados, and this product into the thickness of the arch or 
breadth of^the courses, and the last product will be the solidity in 
cubic feet, the dimensions being taken in feet. 

The length of the arc of the intrados is generally given, being 
necessary in the construction ; arid since similar arcs are to one 
another as their radii, the length of the arc of the extrados will be 
easily found. 

For it is evident that the development of the convex surface is 
equal to the parallelogram, of which the base is one of the springing- 
lines, and the breadth equal to the length of the arc which has the 
greater radius ; and, therefore, the solidity may be found by the rule 
here given. 

EXAMPLE. 

Let it be required to find the solidity of the arch, of which the 
development is shown in Plate XXXII, the length of the springing- 
line being 37*53 feet, the length of the arc of the intrados 57*32 feet, 
the radius 25*46, and supposing the thickness of thfe arch to be 2*5 
feet, to find the solidity. 

Here 25*46-|-2-5 =27*96, the radius of the convex surface. 

25*46 : 27-96 :: 57*32 : 62*94, the length of the arc of extrados. 

.-. 37*53X62*94X2*5= 5905*3455 feet, the solidity required. 

This measure, on account of the waste of stone, will not be more 
than sufficient for the arch-stones alone ; and if the waste in forming 
the springers be considered, the quantity cut away would amount to 
a course of stone equal to the length of the abutment, which ought, 
therefore to be added to the solidity of the arch. 
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Article II. — To find the angles for executing an occupation arch 
"with plane joints. 

An occupation arch is an arch perforating the mound or bank of 
earth raised to carry a railway, the mound being sustained on each 
side by a wall which terminates in a battering face. 

Let the semi-circle A B C he a. right section of the arch, E being 
the centre, and A C the diameter. ' 

Draw E B perpendicular to A O, and draw E Z>, making the angle 
BED equal to the quantity of batter. Divide the arc J. jB C into as 
many equal parts as there are arch-stones, say nine, at the points 1, 2, 3, 
&c. ; and parallel to A Cdraw the lines 1-1', 2-2', 3-3', &c. intersect- 
ing E B m f, g, h, &c. and meeting the opposite side of the semi- 
circular arc at the points 1', 2', 3', &c. Prolong B Eio bjij convenient 
point Gf and through G draw P E parallel to A C. loa. G E make 
Gk, GlyGniy &c. respectively equal to Ef, Eg, Eh, &c. ; and through 
the points h, I, m, &c. parallel to P E, draw p p', q q', r /, &c. 
Parallel io B G draw AP,\p,2q,^r, &c. as also CEV p\ 2' q', 
3' *•', &c. Through the points p, q, r, &c. draw the curve P p q r s 
gf ^1 qf p' Ji^ and from G through the points p, q, r, &c. draw the 
straight lines G p a, G q fi^G r y, &c. ; and the parts p a, q p, r y, &c. 
are the joint-lines on the battering face. 

In G P take G Z of any convenient length, and draw L H, L I, 
L J, &c. respectively perpendicular to G s, G r, G q, &c. meeting 
G Sy G r, G q, in fl", /, J", &c. ; make the angle G L M equal to the 
angle B D E, and draw G M perpendicular to G L; in G L make 
G Oy Ghy G Cy &c. rcspectivcly equal to G Hy G I, G J, &c. ; join 
a Myh My c M, &c. ; and the angles G d M,G c MyGb My &c. or the 
angles E d My E c My Eb M, &>c. are the dihedral angles made by 
the planes of the beds, and the planes of the faces of the arch, at the 
joints payq&yTy. 

In i P make L t, L Uy L v, L Wy respectively equal to L Hy L I, 
L JyL K; from Z, with the radius L M, describe the ire Mz' z y x; 
draw tXyUyyV ZyW z^, perpendicular toGP ; join L x^LyyL ZyLf^ ; 
and the angles P Z ;8r', P Z ^, P Z 3/, P Z a?, are the angles made by 
the joint-lines of the soffit and the joint-lines of the face of the arch, 
or what has been called the angles of the beds. 

The same angles are also to be used for the other haK of the arch. 

The reader wiU here recognise the principles of the trihedral, as 
shown on page 43, Plate XL. The principle of this arch is the same 
as that of an oblique arch, the angle of obliquity being in a vertical 
instead of a horizontal plan. 
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Article III. — To draw the plan and elevation of an occupation 
arch, supposing the ground on one side of it to have a consider- 
able ascent, and the earth before it to be retained by a wall on 
each side of the approach, each wall being built upon a circular 
plane, and terminated in a regular spiral surface, meeting the face 
of the arch in its highest point of elevation. 

Let A B QP (Fig. 1) be one side of the plane, A B the line of 
the outer face, and P Q that of the inner face, A B and P Q being 
arcs of circles described from the centre ; therefore A P ox B Qv& 
the thickness of the coping. 

Divide the arc A B into any convenient number of equal parts, at 
the points 1, 2, 3, &c. and draw the lines 1-1', 2-2', 3-3', &c. radiating 
to the centre 0, and meeting the arc P Q in the points 1', 2', 3', &c. 
In the elevation, (Fig. 2,) let the ground-line A B' be parallel to 
OB on the plan ; perpendicular to A' B', draw A A', B B\ C C, D D', 
intersecting A' B' ia A' b c d; make h B' equal to the height of the 
coping, and make c C, d D, each equal to the height of the arch-way ; 
describe the segment C" U to the height of the intrados ; and c (7, 
2>' dy is the elevation of the arch-way or aperture. Divide h B' at the 
points 1, 2, 3, &c. into the same number of parts into which the arc 
A Bi& divided. Parallel to the ground-line A B' draw 1 ?, 2 m, 3 w, 
&c. ; and j5:om the points 1, 2, 3, &c. in the arc A B, draw lines 1 a, 
2 6, 3 c, §50. perpendicular to the ground-line A' B\ meeting the lines 
1 Z, 2 w, 3 w, &c. in the points a, h, c, &c. Also perpendicular to 
A B\ draw 1' Z, 2' w, 3' n, &c. From A' through the points a, 6, c, &c. 
draw the curve A ah c»>»B' ; also from J.', through the points I, m, n, 
&c. draw the curve Almn...Q' The curve-lines A' B\ A! Q', are 
the projections of the spiral-lines which contain the spiral surface of 
the coping. The curve-line p qr s... is the projection of the spiral 
of the bed of the stone which shows in the cylindric surface of the 
wall; and thus the two spiral-lines, represented by A' ah c.,,B' and 
p q r s..,y contain that portion of the convex surface of the cylinder 
which is required to be formed on the edge of the coping. 

If the centre of the circular arcs A B, P Q, be in tie line 5, 
which is the wall-line of the face of the arch, the spiral surface ter- 
minating the top of the wall will meet the plane of the face of the 
arch in a straight line parallel to the horizon ; but if the centre is 
not in the wall-line of the face of the arch, the intersection of the 
spiral surface and the plane of the fece of the wall will not be a 
straight line, but a curve inclined in all points to the horizon. In 
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either case, however, the method of forming the copings will be the 
same. It is a matter of minor importance whether the line in which 
the spiral surface meets the plane of the face of the arch in a straight 
or curved line, or whether the line of meeting be parallel or inclined 
to the horizon, depending entirely on the taste of the workman or 
inspector. K the section which would fit upon the face of the arch 
be inclined, it may be brought to a level by cutting of[ the projecting 
point by a plane parallel to the horizon. 

Draw the straight line X Z, and make X Z equal to the length of 
the arc A B; and in X Z make X Y equal to the length of the arc 
P Q; draw X TF perpendicular to X Z; join TF T and TFZ; and 
Y W Zia the angle of the twist. 



Article IV. — To form the coping-stones for the circular wing-walla 
upon the right and left. (See the plan preceding the plate.) 

Having found the angle of the twist Y W Z, as shown in the said 
plate, draw the straight line a e of any convenient length ; and with 
the chord a e, and the radius A ot B, (Fig. 1, Plate XXXVII,) 
describe the arc ace. Draw af perpendicular to a 6, and make the 
angle a ef equal to the angle XYW (Fig. 3, Plate XXXVII). Draw 
e m perpendicular to a e, and fm perpendicular to / e. Bisect a e, 
ef,fmy each in the point 2. Draw 2 c perpendicular to a e, 2 h 
perpendicular to e f, and 2 k perpendicular to / m. Make 2 h,2 k, 
each equal to 2 c, and describe the arcs ehf,fhm. 

Then the bed of the stone being formed to the twist or spiral 
surfeice, as in the oblique arch, the narrow face, which is the edge of 
the stone, will be formed to the cylindric surfece of the wall by the 
arch-square No. 3, observing that as the face of the wall corresponding 
to the BXcAB (Fig. 1, Plate XXXVII) is convex, the curved limb of 
the inner edge of the arch-square must be concave. 

The bed and upper surface of the coping for the left-hand cylin- 
dric wall are right-hand spiral surfaces, and the bed and upper 
surface of the coping of the right-hand cylindric wall are left-hand 
spiral surfaces ; for the plan of the wall on the left hand is the same 
as the plan of a right-hand spiral stair, and the plan of the wall on 
the right hand the same as a left-hand spiral stair. 
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Article V. — To construct an oblique arcli in a battering wall. 

Let CMK {Yig, 1) be tbe angle of obHquity, i^'^ C the right 
section of the arch, and V W X the complement of the angle of the 
batter of the wall, or the dihedral angle which the face of the wall 
makes with the level or horizontal plane of the base. Prolong C F 
and M Kto meet each other in A. 

Then in a trihedral are given the angle F A K of the adjacent 
face, and the dihedral angle adjacent, to find the angle of the opposite 
face, and the angle of the oblique &ce. 

In A F take any convenient point G, and draw G I intersecting 
A Z" perpendicularly ia H. ''JnAF make G equal to G H, and 
make the angle GOE equal to the given dihedral angle v w x ; draw 
E perpendicular to A G, and through E draw -4 J; and the angle FAJ 
is the angle of the opposite face." 

" From A, with the distance A E, cut Hlin I, and through /draw 
AL; and the angle K A L is the angle of the oblique face," as in 
Prob. XXIII, Introduction. 

Prolong C F to P, and make F P equal to the length of the arc 
FB C, Divide the q,tg F B C and the straight line F P each into 
an equal number of equal parts, at the points 1, 2, 3, &c. From the 
points 1, 2, 3, &c, in the sue F B C, draw 1 w, 2 w, 3 o, &c. parallel 
to A J, meeting E Cm the points w, n, o, &c. Parallel to O J[f draw 
F K, mpy n q, r, &c. meeting K M in Ky p, q, r, &c. Parallel to 
A Z, draw p s, qt, r u, &c. ; and make p s, q t, r u, &c. respectively 
equal to m 1, n 2, o 3, &>c. ; and through the points s, t, u, &c. draw 
the curve K N My which is the section of the cylinder, or the under 
edge of the elevation of the oblique face of the arch. 

Through the points 1, 2, 3, &c. in the straight line J7P parallel to CMy 
draw 1 p, 2 q^ 3 r, &c ; make 1 p, 2 q, 3 r, &c. respectively equal to mp,n q^ 
o r, &c. ; through the points K, p, q, r, &c. draw a curve ; and the curve 
jK'P q r...Q shall be the development of the oblique section K N M. 

Draw the straight line K Q, and having divided it into as many 
equal parts as the courses are in number, and having the length of the 
springing-line which is parallel to C M given, the development of 
the intrados, and all the necessary templets and angles for working 
the stones, may be found by proceeding in the usual manner as when 
the two faces are vertical and in parallel planes. 

But in the construction of an oblique arch in a battering wall, the 
curve-line of the development of the arch differs more from its line 
of subtense K Q, than when the planes of the elevation are vertical 
and parallel ; and more particularly so when, in the oblique arch with 
vertical faces, the less part of the arc of the right section is of the 
entire circle. Oblique arches which have battering faces are therefore 
not so strong as those which have their faces in parallel planes. 
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OBLIQUE ARCH WITH PLANE JOINTS. 



An oblique arch inth plane joints is that in which the beds of the 
stones are planes, passing through the axis of the cylinder. 

In the oblique arch with plane joints, the planes of the joints 
being parallel to the axis, intersect each face of the arch in very 
oblique angles, and only one of the joints can be perpendicular to 
the face, and this is when each elevation is a semi-ellipse, and when 
the plane of a joint intersects the ^guie in a straight line coinciding 
with the axis-major. All the other joints, as they recede from the 
centre, are more and more oblique till they reach the summit of the 
arch. As every oblique joint causes the dihedral angles made by the 
fece and that joint to be very unequal, the obtuse dihedral angle will 
be much stronger than that which is acute, these angles being supple- 
ments of each other. Therefore oblique arches with plane joints 
should never be used where great strength is necessary ; and where 
the angle of obliquity is very acute, the oblique arch with spiral 
joints should only be employed, as the spiral joints are as nearly 
perpendicular to the face as the construction will admit of. For 
in order to have the stones of one identical form, or such as would 
fill the same mould were they of one length, it is necessary that the 
development of the spirals which form the bed-lines should be 
parallel straight lines, of which two of them will be perpendicular 
to the face of the arch, and the others nearly so. 

The cylinder here referred to is not that of a simple cylinder, but 
of that description which mathematicians call a hollow cylinder, 
consisting of two concentric surfaces, of which the interior is concave, 
and the exterior convex. These sur&ces, without regarding the 
distinction of concave and convex, are called by the name of cylindric 
surfaces. 
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Given the elevation and plan of a semi-elliptic arch, which is the 
oblique section of a cylinder, of which the right section of the intrados 
is a semi-circle, to find the angles for cutting the quoin-heads. 

Let No. 1 be a plan of the arch, of which the angle UV Wis that 
of the acute-angled abutment ; and let No. 2 be the elevation, in which 
the lines b h,ciy dj, &c. represent the joints of the stones in the face, 
meeting the inner curve in the points 6, c, J, &c. and the outer curve 
in the points hy i, j, &c. 

Draw a ^ parallel to V T, at such a distance from F F as the plane of 
the rear elevation may be supposed to be distant from the plane of the 
front, meeting VWina and YZin ^; and the parallelogram o V Yfi 
shall be the plan of the aperture. Draw F y perpendicular to F F, 
meeting o /3 in y. Draw hgycl^dn, &c. parallel to ?7 F or ^ m ; make 
h gyclyduy &c. each equal to a y, and complete the parallelograms 
gb hl,l ci m,ndj o, &c. which shall represent the beds of the stones. 

Now, observing that each of the parallel lines b g, c I, d n, &>c, h the 
projection of a joint-line in the intrados of the arch, and forms an angle 
with the face of the arch in a plane perpendicular to that face, equal 
to the angle U V W of the acute abutment, it is therefore evident 
that at every joint will be formed a right trihedral, of which the angle 
of one of the right faces is equal to the acute angle of the plan, and 
the other in the plane of the face equal to the angle made 'by the joint- 
line and a hue parallel to the base, and that the angle of the oblique 
face is the angle made by the two joint-lines, the one being in the 
face and the other in the intrados. 

To construct the trihedral for any one of the joints, as 6 A in No. 3 
or. in No. 4, draw A jC parallel to b h^ and A F parallel to b g; and 
make the angle FAJ equal to the angle U V W. Then F A Kia 
the angle of the adjacent face, and FAJ the angle of the opposite 
face. Proceed now as in Prob. XXI, page xxxiv, thus : — 

From any convenient point G, in the right edge A F, draw G I, 
intersecting the adjacent edge A jCperpendicularly in H, and draw G E 
perpendicular to A F, meeting AJmE. From the point -4, with the 
distance A E, cut HIinI; through /draw AL; and the angle KAL 
ov HA /shall be the angle of the oblique face, that is, the angle made 
by the joint-line on the intrados, and the joint-line on the face. 

In A F make G equal to G H; join E ; and the angle G E 
is the dihedral angle, or the angle made by the bed and face of the 
stone. 
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Or the angles of the beds, and the dihedral angles of the h/ces and 
beds, may^be found in one diagram, in the following manner : — 

In Fig. 2 draw P Q parallel to ^ jf or F F, and in P Q take the 
point X, and draw L H, LI, L J, &c. respectively parallel to the 
joint-lines hh, ci, dj, &c. in the elevation No. 2 ; and towards JP 
take the distance L G of any convenient length, and draw G H, G T, 
G J, &c. respectively perpendicular to L H, L I, L J, &c. In G L 
make G a, Gh, G c, &c. respectively equal to G H, G I, G J. Make 
the angle GL iJf equal to the acute angle which the axis of the cylinder 
makes with the line of section of the elevation, or equal to the angle 
of the acute abutment, viz. equal to U V W, and draw G M perpen- 
dicular to P Q. Join a M, b M, c M, &c. ; and the angles P a M, 
PhMyPcM, &c. shall be the dihedral angles made by the beds and 
faces, at the joints 6 A, ci, dj, &c. From L, with the radius L My 
describe the 2iT0 M is y x. In Z Q make L u, L v, L w, &c. respec- 
tively equal to L H, L I, L J, &c. Perpendicular to P Q draw u a, 
vy,w fs, &c. ; and the angles Q L x, QL y, Q L z,&c. are the angles 
of the beds. To avoid confusion, the work is placed below the line 
P Q, instead of being above. 

REMARKS. 

In the construction of the oblique arch with plane joints, the arch- 
stones which are supported by the acute-angled abutment have their 
dihedral angles adjacent to the upper beds as they rise towards the 
middle decreasing. The first stone has its dihedral angle equal to a 
right angle ; and if a stone be supposed to have a joint in the summit 
of the arch, the dihedral angle of that stone would be equal to the 
acute angle of the abutment. Also, the angles of the beds of the 
stones which rise from the said acute-angled abutment are, on the 
contrary, continually increasing as they ascend towards the crown, the 
lower bed of the first stone being the same as the acute-angled abutment 
upon which it is placed ; and if a joint be supposed to be at the summit, 
the angle of the bed of the adjacent stone would be a right angle. 

With regard to the dihedral angles of the arch-stones which rise 
from the obtuse-angled abutment, those of the upper beds are conti- 
nually increasing as they ascend towards the summit or crown, the 
dihedral angle of the first stone at the bottom bed being a right angle, 
and that at the summit equal to the angle of the obtuse abutment. 
Also, the angles of the beds as they rise towards the crown are, on the 
contrary, continually decreasing from an angle equal to that of the 
abutment, to a right angle at the crown. 
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On both sides of the arch the dihedral angles of the under beds are 
the supplements of those of the upper beds, and the angles of the beds 
which rise from the obtuse-angled abutment are the supplements of 
the angles of the beds of the stones which rise from the acute-angled 
abutment. 

The position of the joints in Plate XL is not confined. In Plates 
XLI and XLII they are regulated by joints of the right section, and 
are found as in Prob. XIV, page xxi. Introduction. In Plates XLI 
and XLII, LHyLI^LJ, &c. are the continuations of the joints to the 
centre L. In Plate XLII the elevation answers to a right section, 
which is the segment of a circle. 



The method of finding the dihedral angles, as also the angles of the 
beds, will be found as before explained, thus : — 

Draw G H, G ly G J, (Plate XLII,) respectively perpendicular to 
L HyL I,L Jy &c. ItlGL make G a, G b, G e, &>c. respectively equal 
to G HyG I, G Jy &c. Make the angle G L Jlf equal to the acute angle 
which the axis of the cylinder makes with the line of the elevation, or 
equal to the angle of the acute abutment, viz. equal ioVWX, and draw 
G 3f perpendicular to G L. Join a My h My c My &c. ; and the angles 
P a My Ph My P c My &c. shall be the dihedral angles at the joints 
which radiate to the centre L. From L, with the radius L M, describe 
the ^TcM z y x. In L Q make L u, L Vy L w, &c. respectively equal 
to L Hy L Ty L Jy &c. PcTpeudicular to G L draw u afyVyyW Zy &c. ; 
and Q L Xy Q L y, Q L Zy &>c. are the angles of the beds. 



TESTIMONIALS 



KEOABDING THE SUCCESS WHICH THE AUTHOR HAS HAD IN THE APPLICATION 
OF HIS PRINCIPLES TO THE EXECUTION OP OBLIQUE ARCHES. 



The first is a letter* from Mr. James Hogg to Henry Welch, Esq. 
Bridge Surveyor to the County of Northumberland, of which the 
following is a copy : — 

" Sir — Haying constructed an oblique arch for the Messrs. Robsons, builders, of 
Newcastle-upon-Tyne, upon the principles laid down in " Nicholson's Treatise on 
Stone-cutting/' I have no hesitation in saying that it is perfectly practicable to dress 
the arch-stones at the quarry, before bringing them to the intended spot, correctly, 
and in every way according to Mr. Nicholson's rule, which, in fact, was my sole guide 

in the bridge alluded to. 

" JAMES HOGG, Operative Mason:' 
** Neiocasile-on-Tynet June 21, 1836." 

This arch was executed on the Hartlepool Railway, near Castle 
Eden, in the year 1834. 

Most of the oblique arches in the counties of Northumberland and 
Durham have been constructed according to the principles shown in the 
** Guide to Railway Masonry," particularly those upon the Newcastle 
and North Shields Railway. The author was therefore anxious to 
ascertain how they have stood, and what difficulties the workmen had 
found in their execution. Having applied to the Engineer upon the 
line, he was so obliging as to return the following report : — 

" Boyal Arcade, JSTetDcastle-upon-Tyne, July 29, 1839. 

*' Dear Sib — In reply to your inquiry, I beg to state that I haye built nine oblique 

stone bridges upon the Newcastle and North Shields Railway according to your 

principle, all of which haye stood extremely well. The workmen found no difficulty 

in dressmg or setting the stones correctly, after the principle was explained to them. 

" I remain, dear Sir, yours most truly, 

"ROBT. NICHOLSON.'* 
" To Pbtbh Nicholson, Esq. Newcastle-upon-Tyne." 
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From Mr. John Batet and Mr. John Riblbt to Mr. Feusb 
Nicholson. 

" Sir — Haying constructed fire oblique arches for Messrs. Grahamsley and Reed, 
Contractors, upon the Brandling Junction Railway, according to the principles laid 
down by you in your work on the " Construction of the Oblique Arch," we have no 
hesitation in saying you have rendered them quite easy to be understood by the 
workmen, and particularly the method for finding the beyels for working the £ice- 
stones of the arch, which we hare done so as to need no paring after they were set. 

" We are. Sir, your most obedient servants, 

" JOHN BATEY, Foreman of the Masons. 

" JOHN RIDLEY, Inspector." 

" To PsTEB Nicholson, Esq. Newcastle-upon-Tyne." 



*< EUwick FiUas, Newcasfk, AprU 18, 1810. 

" Sir — Having now seen my design of the oblique bridge over the river Tees, on 
the line of the Great North of England Railway, successfully carried into eflTect, I am 
enabled to speak with certainty upon the correctness of your published principles for 
the construction of oblique arches. My bridge consists of four arches, built at an 
angle of 60°. The chord of the right section of each arch is 45*96 feet, and that of the 
oblique section 60 feet. I may also state, that I consider your work on the Oblique 
Arch the most practically useful of any that I have seen ; and as the structure which 
is near to Croft fully warrants the highest opinion of it, I beg, as a member of the 
profession for which you have done much, to thank you for the great pains you have 
taken in working out so clearly the principles of the oblique arch. 

** I am. Sir, your most obedient servant, 

« HENRY WELCH, CioU BngtMer." 
" To PxTBR Nicholson, Esq." 



The following paragraph on the subject of this bridge is extracted 
from the "Newcastle Courant," of April 24, 1840 :— 

" Grbat North op England Railway. — The key-stone of the last unfinished arch 
of the Great North of England Railway Company's bridge over the river Tees, at 
Croft, was fixed in its place on Thursday, the 16th instant, by George Hutton 
Wilkinson, Esq., of Harperly Park, the Chairman of the Board of Directors, in 
the presence of several of the directors of the Company, and a mmierous body of 
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spectators. The foimdation-stone of the bridge was laid hj Mrs. Wilkinson, the IsAj 
of the chairman, in the month of May, 1838, and the bridge is now rapidly approaching 
its completion. Mr. Wilkinson, after laying the stone, made an able address to the 
bystanders, and observed that the completion of the bridge was an earnest to the 
shareholders and the poblic of the speedy completion of the great national undertaking 
of which it formed a part. The directors, engineers, and other officers of the company 
present at the ceremony, were afterwards entertained at the Spa Hotel, Croft, by Mr. 
Welch, of Newcastle, the talented engineer of the bridge. Among the company 
present was Mr. Peter Nicholson, the discoyerer of the spiral principle on which the 
skew bridge was built, who expressed himself much gratified by the successful manner 
in which his theory had been carried into practice, this bridge bemg of great magnitude, 
and the eskew at an angle of 50^." 



'* fFett Street, AHhurU HiU, Newcastle, May 26, 1840. 

" Sib — As one of the contractors (with William and James Dees) for the Tees 
Bridge, near Croft, on the Great North of England Railway, I beg leare to make 
the following statements regarding your " Guide to Railway Masonry,'' namely, that 
it is by £ur the most practically useful and correct method that I have as yet seen 
laid before the public for the construction of an oblique arch ; that there was not 
the least difficulty in finding the templets necessary, as laid down by you, for working 
the arch-stones of this bridge ; and that, when explained to the workmen, they found 
no difficulty whateyer in working the same. In fact, your method renders the 
working of them nearly as simple as those of a conmion square arch. The Tees 
Bridge consists of four arches, built at an angle of 50^, the oblique section being 60 
feet, and the height of the arches 14*5 feet. When the centres of this bridge were 
removed, the crown of the arches was found not to descend more than three-quarters 
of an inch in any one of them, which is even less than has been found in the con- 
struction of many conmion square arches of the same magnitude. In conclusion, I 
beg leaye to thank you for the great pains you haye taken in rendering the oblique 
arch practically easy to most capacities. 

** I am, Sir, your most obedient servant, 

" JAMES HOGG." 
" To Pbtbb NiOHOLflOVy Esq," 
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97976 
97969 
97963 
97968 
97952 
97946 
97940 


30 
31 
32 
33 
34 
35 
36 
37 
38 
39 


11320 
11349 
11378 
U407 
11436 
11465 
11494 
11523 
11552 
11580 


99357 
99354 
99351 
99347 
99344 
99341 
99337 
99334 
99331 
99327 


14781 
14810 
14838 
14867 
14896 
14925 
14954 
14982 
15011 
15040 


98902 
98897 
98893 
98889 
98884 
98880 
98876 
9887 J 
98867 
98863 


16505 
16533 
16562 
16591 
1662( 
16648 
16677 
16706 
16734 
16763 


98629 
98624 
98619 
98614 
98609 
98604 
98600 
98595 
98590 
98585 


18224 
18262 
18281 
18309 
18338 
18367 
18396 
18424 
18462 
18481 


98326 
98320 
98316 
98310 
98304 
98299 
98294 
98288 
98283 
98277 


19937 
19965 
19994 
20022 
20051 
20079 
20108 
20136 
20165 
20193 


40 
41 
42 
43 
44 
45 
46 
47 
48 
49 


11609 
1163b 
11667 
11696 
11725 
11754 
11783 
11812 
11840 
11869 


99;i24 
99320 
99317 
99314 
99310 
99307 
99303 
99300 
99297 
99293 


13341 
13370 
13399 
13427 
13456 
13485 
13514 
13543 
13572 
136C0 


99106 
99102 
99098 
99094 
99091 
99087 
99083 
99079 
99075 
99071 


15069 
15097 
15126 
15155 
15184 
15212 
15241 
15270 
15299 
15327 


98858 
98854 
98849 
98845 
98841 
98836 
98832 
98827 
98823 
98818 


16792 
16820 
16849 
16878 
16906 
16935 
16964 
16992 
17021 
17050 


98580 
98575 
98570 
98565 
98561 
98556 
98551 
98546 
98541 
98536 


18609 

18538 
18567 
18696 
18624 
18662 
18681 
18710 
18738 
18767 


98272 
98267 
98261 
98256 
98250 
98246 
98240 
98234 
98229 
98223 


20222 
20260 
20279 
20307 
20336 
20364 
20393 
20421 
20460 
20478 


97934 
97928 
97922 
97916 
97910 
97906 
97899 
97893 
97887 
97881 


20 
19 
18 
17 
16 
15 
14 
13 
12 
11 


50 
51 
52 
53 
54 
55 
56 
67 
58 
59 
60 


11898 
11927 
11956 
11985 
12014 
12043 
12071 
12100 
12129 
12158 
12187 


99290 
99286 
99283 
99279 
99276 
99272 
99269 
99265 
99262 
99258 
99255 


13629 
13658 
13687 
13716 
13744 
13773 
13802 
13831 
13860 
13889 
.13917 


99067 
99063 
99059 
99055 
99051 
99047 
99043 
99039 
99035 
99031 
99027 


15356 
15385 
15414 
15442 
15471 
15500 
15529 
15557 
15586 
15615 
15643 


98814 
98809 
98805 
98800 
98796 
98791 
98787 
98782 
98778 
98773 
98769 


17078 
17107 
17136 
17164 
17193 
17222 
17250 
17279 
17308 
17336 
17365 


98531 
98526 
98521 
98516 
98511 
98506 
98501 
98496 
98491 
98486 
98481 


18796 
18824 
18862 
18881 
18910 
18938 
18967 
18995 
19024 
19062 
19081 


98218 
98212 
98207 
98201 
98196 
98190 
98186 
98179 
98174 
98168 
98163 


20507 
20536 
20663 
20692 
20620 
20649 
20677 
20706 
20734 
20763 
20791 


97876 
97869 
97863 
97867 
97861 
97846 
97839 
97833 
97827 
97821 
97816 

N.sln. 


10 
9 
8 
7 
6 
5 
4 
3 
2 
1 


M. 




In. COS. 


N. Bin. 


N. COB. 


N. sin. 


N. COS. 


~. sin. 


N.cos. 


W.sln. 


N. COS. 


N. sin. 


N. cos. 


bSUeg. 


».Ue,r. 


HLJJeg. 1 


■ 80D.g. 1 


79Deg. 1 


7« J*ejr. 



52 
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20791 
20820 
20848 
2087Y 
20905 
20933 
20962 
20990 
21019 
21047 



10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 
60 



21076 
21104 
21132 
21161 
21189 
21218 
21246 
21276 
21303 
21331 



21360 
21388 
21417 
21446 
21474 
21602 
21630 
21669 
21687 
21616 



97815 
97809 
97803 
97797 
97791 
97784 
97778 
97772 
97766 
97760 



97764 
97748 
97742 
97736 
9772i^ 
97723 
97717 
97711 
97705 
97698 



97692 
97686 
97680 
97673 
97667 
97661 
97655 
97648 
97642 
97636 



21644 
21672 
21701 
21729 
21758 
21786 
21814 
21843 
21871 
21899 



21928 
21966 
21986 
22013 
22041 
22070 
22098 
22126 
22166 
22183 



22212 
22240 
22268 
22297 
22326 
22363 
22382 
22410 
22438 
22467 
22496 



97630 
97623 
97617 
97611 
97601 
97598 
97592 
97585 
97679 
97673 



97566 
97660 
97563 
97647 
97641 
97634 
97628 
97521 
97615 
9 7508 
97502 
97496 
97489 
97483 
97476 
97470 
97463 
97457 
97460 
97444 
97437 



N. COS . y.w n. 
Deg. 



22496 
22623 
22662 
22680 
22608 
22637 
22666 
22693 
22722 
22760 



22778 
22807 
22836 
22863 
22892 
22920 
22948 
22977 
23006 
23033 



23062 
23090 
23118 
23146 
23176 
23203 
23231 
23260 
232S8 
23316 



m>eg. 



M. tin. 



97437 
97430 
97424 
97417 
97411 
97404 
97398 
97391 
97384 
97378 



97371 
97365 
97368 
97361 
97345 
97338 
97331 
97325 
97318 
97311 



97304 
97298 
97291 
97284 
97278 
97271 
97264 
97267 
97251 
97244 



23345 
23373 
23401 
23429 
23458 
23486 
23614 
23542 
23671 
23599 

23627 
23656 
23684 
23712 
23740 
23769 
23797 
23826 
23863 
23882 



23910 
23938 
23966 
23996 
24023 
24061 
24079 
24108 
24136 
24164 
24192 



97237 

97230 
97223 
97217 
97210 
97203 
97196 
97189 
97182 
97176 



97169 
97162 
97165 
97148 
97141 
97134 
97127 
97120 
97113 
97106 



97100 
97093 
97086 
97079 
97072 
97065 
97058 
97051 
97044 
97037 
97030 



24192 
24220 
24249 
24277 
24306 
24333 
24362 
24390 
24418 
24446 



24474 
24603 
24531 
24659 

24587 
24616 
24644 
24672 
24700 
24728 



24766 
24784 
24813 
24841 
24869 
24897 
24925 
24964 
24982 
26010 



96969 
96962 
96945 
96937 
96930 
96923 
96916 
96909 
96902 
96894 



96887 
96880 
96873 



96868 
96861 
96844 
96837 
96829 
96822 



25038 
25066 
26094 
25122 
25161 
26179 
26207 
26235 
26263 
26291 



26320 
26348 
26376 
25404 
26432 
26460 
25488 
26616 
26546 
25673 



25601 
26629 
25657 
26686 
25713 
26741 
25769 
26798 
26826 
25864 
26882 



97030 
97023 
97016 
97008 
97001 
96994 
96987 
96980 
96973 
96966 



96816 
96807 
96800 
96793 
96786 
96778 
96771 
96764 
96766 
96749 



96742 
96734 
96727 
96719 
96712 
96705 
96697 
96690 
96682 
96675 



96667 
96660 
96663 
96645 



96630 
96623 
96616 
96608 
96600 
96693 



N. eoa. N. tii* 



26882 
26910 
25938 
26966 
25994 
26022 
26060 
26079 
26107 
26136 



96693 
96686 
96678 
96670 
96662 
96666 
96647 
96640 
96632 
96624 



26163 
26191 
26219 
26247 
26275 
26303 
26331 
26369 
26387 
26416 



96617 
96609 
96502 
96494 
96486 
96479 
96471 
96463 
96466 
96448 



26443 
26471 
26600 
26628 
26656 
26584 
26612 
26640 
26668 
26696 



96440 
96433 
96425 
96417 
96410 
96402 
96394 
96386 
96379 
96371 



26724 
26762 
26780 
26808 
26836 
26864 
26892 
26920 
26948 
26976 



27004 
27032 
27060 
27088 
27116 
27144 
27172 
27200 
27228 
27256 



27284 
27312 
27340 
27368 
27396 
27424 
27462 
27480 
27608 
27636 
27664 



N. eoa. 



96363 
96365 
96347 
96340 
96332 
96324 
96316 
96308 
96301 
96293 



96286 
96277 
96269 
96261 
96263 
96246 
96238 
96230 
96222 
96214 



96206 
96198 
96190 
96182 
96174 
96166 
96168 
i^6150 
96142 
96134 
96126 



27843 
27871 
27899 
27927 
27965 
27983 
28011 
28039 
28067 
28095 



28123 
28150 
28178 
28206 
28234 
28262 
28290 
28318 
28346 
28374 



N. Bin. 



iiMl. 



27664 
27692 
27620 
27648 
27676 
27704 
27731 
27769 
27787 
27816 



96046 
96037 
96029 
96021 
96013 
96006 
96997 
96989 
96981 
96972 



96964 
96966 
96948 
95940 
96931 
96923 
95916 
96907 
96898 
96890 



28402 
28429 
28457 
28485 
28513 
28641 
28669 
28697 
28625 
28652 



28680 
28708 
28736 
28764 
28792 
28820 
28847 
28876 
28903 
28931 



28969 
28987 
29016 
29042 
29070 
29098 
29126 
29154 
29182 
29209 
29237 



N. COS. 



96126 
96118 
96110 
96102 
96094 
96086 
96078 
96070 
96062 
96054 



96882 
95874 
96866 
96857 
95849 
95841 
96832 
96824 
96816 
96807 



95799 
96791 
96782 
96774 
96766 
95767 
96749 
95740 
96732 
96724 



96715 
96707 
96698 
96690 
95681 
95673 
95664 
96656 
95647 
96639 
96630 



78 Ueg. 



29615 
29543 
29571 
29699 
29626 
29664 
29682 
29710 
29737 
29765 



29793 
29821 
29849 
29876 
29904 
29932 
29960 
29987 
30015 
30043 



17 Peg. 



29237 
29266 
29293 
29321 
29348 
29376 
29404 
29432 
29460 
29487 



96645 
95536 
96628 
96519 
95511 
95602 
96493 
96486 
96476 
95467 



95469 
95460 
95441 
95433 
96424 
96415 
95407 
96398 
y638i; 
96380 



30071 
30098 
30126 
30154 
30182 
30209 
30237 
30266 
30292 
30320 



30348 
30376 
30403 
30431 
30469 
30486 
30614 
30642 
30670 
30697 



30625 
30653 
30680 
30708 
30736 
30763 
30791 
30819 
30846 
30874 
30902 



95630 
95622 
95613 
96606 
96596 
96688 
95579 
96671 
96662 
96664 



96372 
y5363 
95354 
95346 
96337 
96328 
95319 
96310 
96301 
96293 



96284 
96275 
95266 
96267 
95248 
95240 
95231 
95222 
96213 
95204 



60 
69 

58 
57 
56 
55 
64 
53 
52 

?1 
60" 
49 
48 
47 
46 
46 
44 
43 
42 

11 
40 
39 
38 
37 
36 
35 
34 
33 
32 
31^ 
30 
29 
28 
27 
26 
25 
24 
23 
22 

?jl 

20 
19 
18 
17 
16 
16 
14 
13 
12 
11 



96196 
96186 
96177 
96168 
95169 
96160 
95142 
95133 
95124 
95116 
96106 

V. sin. 



TABLE OF NATURAL StSES. 



63 



M. 



1 

2 

3 
4 
5 
6 

7 
8 
9 


ibl>eg. ( 


19 »eg. , 


»> l>eg. , 


21 l>eg. 


Wtoeg. 


SSD«g. , 


■ 


N. sin. 


N. C08. 


A. 8in. 


w.cos. 


N. sin. 


N.cos. 

9396?^ 
93959 
93949 
93939 
93929 
93919 
93909 
98899 
93889 
93879 
93869 
93869 
93849 
93889 
93829 
93819 
93809 
98799 
93789 
93779 


M. sin. 


N.cos. 

93358 
93348 
93337 
93327 
93316 
93806 
93296 
92286 
93274 
93264 


N.sin. 


N.cos. 

92718 
92707 
92697 
92686 
92675 
92664 
92663 
92642 
92631 
92620 


N. sin.' 

39073 
39100 
39127 
39163 
89180 
39207 
39234 
39260 
39287 
39314 


N.cos. 


30902 
30929 
30967 
30985 
31012 
31040 
31068 
31096 
31123 
31151 


96106 
95097 
96088 
96079 
96070 
96061 
96062 
95043 
95033 
96024 


32567 
32584 
32612 
32639 
32667 
32694 
32722 
32749 
32777 
32804 


94652 
94542 
94633 
94523 
94614 
94504 
94495 
94485 
94476 
94466 

94467 
94447 
94438 
94428 
94418 
94409 
94399 
94390 
94380 
94370 


34202 
34229 
34257 
34284 
34311 
34339 
34366 
34393 
34421 
34448 
34475 
34603 
34630 
34567 
34684 
34612 
34639 
34666 
34694 
34721 


368.37 
36864 
35891 
35918 
35946 
85973 
36000 
36027 
36064 
36081 
36108 
36136 
36162 
36190 
36217 
36244 
36271 
36298 
36326 
36352 


37461 
37488 
37615 
37642 
37569 
37696 
37622 
37649 
37676 
37703 
37730 
37767 
37784 
37811 
37838 
37865 
37892 
37919 
37946 
37973 


92060 
92039 
92028 
92016 
92005 
91994 
91982 
91971 
91969 
91948 


60^ 
69 
68 
67 
66 
55 
64 
58 
62 
61 
60 
49 
48 
47 
46 
46 
44 
43 
42 
41 

40 
39 
88 
87 
36 
36 
34 
33 
82 
81 
30 
29 
28 
27 
26 
26 
24 
28 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 


10 
11 
12 
13 
14 
15 
16 
17 
18 
19 


31178 
31206 
31233 
31261 
31289 
31316 
31844 
31372 
31399 
31427 


96016 
96006 
94997 
94988 
94979 
94970 
94961 
94962 
94943 
94933 


32832 
82869 
32887 
32914 
32942 
32969 
82997 
83024 
33061 
33079 


93253 
93243 
93232 
98222 
93211 
93201 
93190 
93180 
93169 
93159 


92609 
92598 
92687 
92676 
92666 
92664 
92543 
92682 
92621 
92510 
92499 
92488 
92477 
92466 
92456 
92444 
92432 
92421 
92410 
92399 


39341 
39367 
39394 
39421 
39448 
39474 
39501 
39628 
39666 
39681 


91936 
91926 
91914 
91902 
91891 
91879 
91868 
91866 
91846 
91833 


20 
21 
22 
23 
24 
26 
26 
27 
28 
29 


31454 
31482 
31610 
31537 
31565 
31593 
31620 
81648 
31675 
31703 


94924 
94915 
94906 
94897 
94888 
94878 
94869 
94860 
94851 
94842 


33106 
33134, 
33161 
33189 
33216 
33244 
33271 
33298 
88826 
33863 


94361 
Q4361 
94342 
94332 
94322 
94313 
94303 
94293 
94284 
94274 


34748 
34776 
34803 
34880 
34867 
34884 
34912 
34939 
34966 
34993 
36021 
36048 
35075 
35102 
36130 
35157 
36184 
85211 
36239 
36266 


93769 
93769 
93748 
93738 
93728 
93718 
93708 
93698 
93688 
93677 
93667 
93657 
93647 
98637 
98626 
93616 
93606 
93696 
93686 
93575 


36379 
36406 
36434 
36461 
36488 
36516 
36542 
36669 
36596 
36623 
36660 
36677 
36704 
36731 
86768 
36785 
36812 
86889 
36867 
36894 


93148 
93137 
93127 
93116 
93106 
93095 
93084 
93074 
93063 
93062 


37999 
38026 
38053 
38080 
38107 
38134 
38161 
38188 
38216 
38241 


39608 
39636 
39661 

39688 
39716 
39741 
39768 
39795 
39822 
39848 


91822 
91810 
91799 
91787 
91776 
91764 
91762 
91741 
91729 
91718 


30 
31 
32 
38 
34 
36 
36 
37 
38 
39 


31730 
31768 
31786 
31813 
31841 
31868 
81896 
31923 
31961 
31979 


94832 
94823 
94814 
94806 

94795 
94786 
94777 
94768 
94768 
94749 


33381 
33408 
33436 
38463 
38490 
83618 
33546 
33673 
33600 
33627 


94264 
94264 
94246 
94235 
94225 
94215 
94206 
94196 
94186 
94176 


93042 
93031 
93020 
93010 
92999 
92988 
92978 
92967 
92966 
92946 


38268 
38296 
88322 
88349 
38376 
38403 
38480 
38466 
38483 
38610 


92388 
92377 
92366 
92866 
92343 
92382 
92821 
92810 
92299 
92287 


39876 
39902 
39928 
39966 
39982 
40008 
40035 
40062 
40088 

4aii5 


91706 
9-1694 
91683 
91671 
91660 
91648 
91636 
91626 
91613 
91601 


40 
41 
42 
43 
44 
46 
46 
47 
48 
49 


32006 
32034 
32061 
32089 
82116 
32U4 
32171 
82199 
32237 
32254 


94740 
94730 
94721 
94712 
94702 
94693 
94684 
94674 
94666 
94666 


33655 
33682 
33710 
83787 
33764 
33792 
33819 
83846 
38874 
38901 
38929 
83966 
38983 
34011 
84088 
84066 
34098 
34120 
34147 
34176 
84202 


94167 
94157 
94147 
94137 
94127 
94118 
94108 
94098 
94088 
94078 


35293 
36820 
85347 
35375 
36402 
86429 
36466 
35484 
36611 
86688 


98566 
93655 
93544 
98634 
93624 
93614 
98603 
93493 
98488 
98472 
98462 
93462 
93441 
98481 
98420 
98410 
98400 
98889 
93379 
98868 
98368 


36921 
86948 
36976 
37002 
37029 
37066 
37083 
37110 
87187 
87164 


92936 
92924 
9«918 
92902 
92892 
92881 
92870 
92869 
92849 
92838 


38637 
88664 
88691 
88617 
38644 
38671 
38698 
38726 
88762 
38778 


92276 
92266 
92264 
92243 
92231 
92220 
92209 
92198 
92186 
92176 


40141 
40168 
40196 
40221 
40248 
40276 
40301 
40328 
40366 
40381 


91590 
91678 
91666 
91665 
91643 
91631 
91519 
91608 
91496 
91484 


60 
61 
52 
63 
54 
55 
66 
67 
68 
69 
60 


32282 
32809 
82837 
82864 
82892 
82419 
82447 
82474 
82602 
82629 
32667 


94646 
94637 
94627 
94618 
94609 
94599 
94690 
94680 
94671 
94661 
94662 


94068 
94058 
94049 
94039 
94029 
94019 
94009 
93999 
93989 
98979 
98969 


35565 
35692 
36619 
86647 
36674 
36701 
36728 
S5155 
85782 
36810 
36887 


37191 
37218 
87246 
87272 
87299 
37826 
37868 
37880 
87407 
87434 
87461 


92827 
92816 
92806 
92794 
92784 
92778 
92760 
92751 
92740 
92729 
92718 


38806 
38832 
38869 
38886 
38910 
38989 
38966 
38998 
89020 
89046 
89073 


92164 
92162 
92141 
92180 
92119 
92107 
92096 
92086 
92073 
92062 
92060 


40408 
40434 
40461 
40488 
40614 
40641 
40667 
40694 
40621 
40647 
40674 


91472 
91461 
91449 
91437 
91426 
91414 
91402 
91390 
91378 
91366 
91366 


10 

8 
7 
6 
6 
4 
8 
2 
1 


M. 




N.CM. 


N.Bin. 


N. COS. 


N.sin. 


N.COB. 


N.sin. 


N.cos. 


N.sin. 


N.oos. 


N.sin. 


N.cos. 


N.sin. 


71] 


l>eg. 


70 Deg. 1 


WDeg. 1 


«8 Deg. 1 


67 Deg. i 


661 


>eg. 



54 



TABLE OF NATURAL SINES. 



- — 


i4 DOS. 


2-) Dog. 1 


1 Hi Deg. 1 


i7 Deg. 1 


38J 
S.tin. 


i)eg. 


»Deg. 




M. 


N.sin. 


~N. COS. 


N. tin. 


N. COS. 


N. sin. N. COS. '1 N. sin. i N. co». | 


N.cos. 


M.ain. 


N.C08. 




1 

2 
3 
4 

5 
6 

7 
8 
9 


40674 
40700 
40727 
40753 
40780 
40806 
40833 
40860 
40886 
40913 


91355 
91343 
91331 
91319 
91307 
91295 
91283 
91272 
91260 
91248 


42262 
42288 
42315 
42341 
42367 
42394 
42420 
42446 
42473 
42499 


90G3 1 
906 ib 
90606 
90594 
9058L' 
90569 
90557 
90545 
90532 
90520 


43S37 

43863 
43889 
43916 
43942 
43968 
43994 
44020 
44046 
44072 


89879 46399 
89867145425 
89854145451 
89841' 45477 
89828 45503 
89816 45529 
89803 45554 
89790 46580 
89777 45606 
89764 45632 


89101 
89087 
89074 
89061 
89048 
89036 
89021 
89008 
88995 
88981 


46947 
46973 
46999 
47024 
47050 
47076 
47101 
47127 
47153 
47178 


88295 

88281 
88267 
88254 
88240 
88226 
88213 
88199 
88185 
88172 


48481 

48606 
48632 
48557 
48583 
48608 
48634 
48659 
48684 
48710 


87462 
87448 
87434 
87420 
87406 
87391 
87377 
87363 
87349 
87335 


60 
59 
58 
67 
56 
55 
54 
53 
52 
51 


10 
11 
12 
13 
14 
15 
16 
17 
18 
19 


40939 
40966 
40992 
41019 
41045 
41072 
41098 
41125 
41151 
41178 


91236 
91224 
91212 
91200 
91188 
91176 
91164 
91152 
91140 
91128 


42525 
42552 
42578 
i42604 
142631 
42657 
42683 
42709 
142736 
42762 


90507 
90495 
90483 
90470 
90458 
90446 
90433 
90421 
90408 
90396 


44098 
44124 
44151 
44177 
44203 
44229 
44255 
4428i 
44307 
44333 


89752 
89739 
89726 
89713 
89700 
89687 
89674 
89662 
89649 
8963G 


45658 
,45684 
45710 
45736 
45762 
45787 
45813 
45839 
45865 
45891 


8896» 
88955 
88942 
88928 
88915 
88902 
88888 
88875 
88862 
88848 


47204 
47229 
47255 
47281 
47306 
47332 
47358 
47383 
47409 
47434 


88158 
88144 
88130 
88117 
88103 
88089 
88075 
88062 
88048 
88034 


48735 
48761 
48786 
48811 
48837 
48862 
48888 
48913 
48938 
48964 


87321 50 
87306 49 
87292 48 
87278 47 
87264,46 
87260,45 
8723544 
8722143 
87207 42 
8719341 


20 
21 
22 
23 
24 
25 
26 
27 
28 
29 


41204 
41231 
41257 
41284 
41310 
41337 
41363 
41390 
41416 
41443 


91116 
91104 
91092 
91080 
91068 
91056 
91044 
91032 
91020 
91008 


42788 
42815 
42841 
42867 
42894 
42920 
42946 
42972 
42999 
43025 


90383 
90371 
9035S 
J0346 
90334 
90321 
90309 
90296 
90284 
90271 


44359 
44385 
44411 
44437 
44464 
44490 
44516 
44542 
44568 
44594 


89623 
89610 
89597 
89584 
89571 
89558 
89545 
89532 
89519 
89506 


45917 
45942 
45968 
45994 
46020 
46046 
,46072 
46097 
46123 
46149 


8S835 
88822 
88808 
88795 
88782 
88768 
88755 
88741 
88728 
88715 


47460 
47486 
47511 
47537 
47562 
47588 
47614 
47639 
47665 
47690 


88020 
88006 
87993 
87979 
87965 
87951 
87937 
87923 
87909 
87896 


48989 
49014 
49040 
49065 
49090 
49116 
49141 
49166 
49192 
49217 
49242 
49268 
49293 
49318 
49344 
49369 
49394 
49419 
49445 
49470 


8717840 
87164 39 
87150 38 
87136 37 
8712136 
87107 35 
87093134 
87079 33 
87064 32 
87050 31 


30 
31 
32 
33 
34 
35 
36 
37 
38 
39 


41469 
41496 
41522 
41549 
41575 
41602 
41628 
41655 
41681 
41707 


90996 
90984 
90972 
90960 
90948 
90936 
90924 
90911 
90899 
90887 


143051 
43077 
43104 
43130 
4315G 
43182 
43209 
43235 
43261 
43287 


90259 
90246 
90233 
90221 
90208 
90196 
90183 
90171 
90158 
90146 


44620 
44646 
44672 
44698 
44724 
44750 
44776 
44802 
44828 
44854 


89493 
89480 
89467 
89454 
89441 
89428, 
89415 
89402 
89389 
89376 


46175 
46201 
46226 
46252 
46278 
46304 
46330 
46355 
46381 
46407 
46433 
46458 
46484 
46610 
46536 
46561 
46587 
46613 
46639 
46664 


88701 
88688 
88674 
88661 
88647 
88634 
88620 
88607 
88593 
88580 


47716 
47741 
47767 
47793 
47818 
47844 
47869 
47895 
47920 
47946 


87882 
87868 
87854 
87840 
87826 
87812 
87798 
87784 
87770 
87756 


87036 
87021 
87007 
86993 
86978 
86964 
86949 
86936 
86921 
86906 


30 
29 
28 
27 
26 
25 
24 
23 
22 
21 


40 
41 
42 
43 
44 
45 
46 
47 
48 
49 


41734 
41760 
41787 
41813 
41840 
41866 
41892 
41919 
41945 
41972 


90875 
90863 
90861 
90839 
90826 
90814 
90802 
90790 
90778 
90766 


43313 
43340 
43366 
43392 
43418 
43445 
43471 
43497 
43523 
43549 


90133 
90120 
90108 
90095 
90082 
90070 
90057 
90045 
90032 
90019 


44880 
44906 
44932 
44958 
44984 
45010 
45036 
45062 
45088 
45114 


89363' 
89350 
89237 
89324, 
89311 
89298' 
89285 
89272' 
89259 
89245 


88566 
88553 
88539 
88526 
88512 
88499 
88485 
88472 
88458 
88445 


47971 
47997 
48022 
48048 
48073 
48099 
48124 
48150 
48175 
48201 


87743 
87729 
87715 
87701 
87687 
87673 
87659 
87645 
87631 
87617 


49495 
49521 
49546 
49571 
49596 
49622 
49647 
49672 
49697 
49723 


86892 
86878 
86863 
86845 
86834 
86820 
86805 
86791 
86777 
86762 


20 
19 
18 
17 
16 
15 
14 
13 
12 
11 


50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


41998 
42024 
42051 
42077 
42104 
42130 
42156 
42183 
42209 
42235 
42262 


90753 
90741 
90729 
90717 
90704 
90692 
90680 
90668 
90655 
90643 
90631 


43575 
43602 
43628 
43654 
43680 
43706 
43733 
43759 
43785 
43811 
43837 


90007 
89994 
89981 
89968 
89956 
89943 
89930 
89918 
89905 
89892 
89879 


45140 
45166 
45192 
45218 
45243 
45269 
45295 
45321 
45347 
45373 
45399 


89232 
89219 
89206 
89193 
89180 
89167 
89153 
89140 
89127 
89114 
89101 


46690 
46716 
46742 
46767 
46793 
46819 
46844 
46870 
46896 
46921 
46947 


88431 
88417 
88404 
88390 
88377 
88363 
88349 
88336 
88322 
88308 
88295 


48226 
48252 
48277 
48303 
48328 
48354 
48379 
48405 
48430 
48456 
48481 


87603 
87589 
87675 
87561 
87546 
87532 
87618 
87604 
87490 
87476 
87462 


49748 
49773 
49798 
49824 
49849 
49874 
49899 
49924 
49950 
49976 
50000 


86748 
86733 
86719 
86704 
86690 
86675 
86661 
86646 
86632 
86617 
86603 


10 
9 
8 
7 
6 
5 
4 
3 
2 
1 





N.C08. 


N. sin. 


In. COS. 


N. sill. 


N. COS. 


N. sin. 


N. cos. 


N. sin. 


N. cos. 


N.rin. 


N.cos. N.dn. 


mT 


05 


Org. 


1 641 


Jog. 


631 


)eg. 1 


1 tii 1 


iCK. 


61 T 


)ejr. 


OUUejf. 






TABLE OF KATUIUL SINES. 



55 



MPey. 



56919 
55943 
55968 
55992 
56016 
56t)4C 



T^BS: — 



20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



30 
31 
32 
33 
34 
36 
36 
37 
38 
39 



40 
41 
42 

43 
44 
45 

46 
47 
48 
49 



50 
51 
52 
53 
54 
55 
66 
57 
58 
59 
60 



aop«g. 



50000 
50026 
50050 



86603 
86588 
86573 



50076 86659 



50101 
50126 
50151 
50176 
50201 
50227 



86544 
S6b30 
86515 
86501 
66486 
86471 



50262 
50277 
50302 
50327 
50362 
50377 
50403 
50428 
50453 
50478 



86457 
86442 
86427 
86413 
86398 
86384 
96369 
86354 
86340 
86325 



50503 B63 10 
86295 
86281 
86266 
86251 
86237 
86222 
86207 
86192 
86178 



50528 
50553 
50578 
50603 
50628 
50654 
50679 
50704 
50729 



50754 
50779 



50829 
50854 
50879 
50904 
50929 
50954 
50979 



51004 
61029 
51054 
51079 
51104 
51129 
51154 
51179 
51204 
51229 



51254 
51279 
51304 
51329 
51304 
51379 
51404 
51429 
51454 
51479 
51604 



N. fOB. 



86163 

86148 



50804 66193 



86119 
S6104 
86089 
B6074 
86059 
86045 
66030 



66015 
66000 
85985 
65970 
85956 
85941 
85926 
86911 
85896 
85881 



86866 
85651 
8583C 
85821 
85806 
85792 
85777 
85762 
85747 
85732 
85717 



N. sin. 



Otf l>eg. 



51504 
51629 
51554 
51579 
51604 
51628 
51653 
51678 
51703 
51726 



61763 
51778 
51603 
61626 
51652 
51877 
51902 
51927 
51952 
51977 



52002 
52026 
52061 
52076 
52101 
52126 
62151 
52175 
52200 
52226 



81 Peg. 



N.ain. 



85717 
85702 
85687 
85672 
85657 
85642 
85627 
85612 
85597 
85582 



85567 
85651 
85536 
85521 
85506 
85491 
85476 
85461 
85446 
85431 



85416 
85401 
85385 
85370 
86355 
85340 
86325 
85310 
85294 
85279 



52260 
52276 
52299 
52324 
62349 
52374 
52399 
52423 
52446 
52473 



52498 
52522 
52547 
52572 
52597 
52621 
52646 
52671 
52696 
52720 



52745 
52770 
52794 
52619 
52844 
52869 
52893 
52918 
52943 
52967 
52992 



N.co*. 



86264 
86249 
85234 
65218 
86203 
85168 
85173 
85157 
85142 
65127 



66112 
65096 
65061 
65066 
65051 
65035 
85020 
85005 
84989 
84974 



84959 
84943 
84928 
84913 
84897 
84662 
84666 
84651 
64636 
84820 
84805 



COS. N. rill . 
I AM Peg. 



52992 
53017 
53041 
53066 
53091 
53115 
53140 
53164 
63169 
63214 



53464 
53509 
53534 
53556 
53563 
53607 
53632 
53656 
53661 
53705 



S.siv. 



84805 
84789 
84774 
64759 
84743 
84726 
84712 
84697 
64681 
84666 



84650 
84635 
84619 
64604 
64566 
64573 
84557 
64542 
64526 
84511 



53754 
53779 
63604 
53626 
53853 
53877 



53926 
53951 



63975 
54000 
54024 
54049 
54073 
54097 
54122 
54146 
54171 
541951 



54220 
54244 
54269 
54293 
54317 
54342 
54366 
54391 
54416 
54440 
54464 



N. eos. 



N. coa. 



53730 84339 



84324 
84306 
84292 
64277 
84261 
84245 



53902 84230 



84214 
84196 



84162 
84167 
84151 
84135 

84120 
84104 

84068 
84072 
84057 
8404 



84025 

84009 
83994 
83978 
83962 
83946 
83930 
83916 
83899 
«3683 
83867 



54464 
54466 
54513 
54537 
54561 
54586 
54610 
54636 
54659 
54683 



54706 
54732 
54756 
54781 
54805 
54629 
54864 
54676 
54902 
54927 



»»<». 



N.sw. 



54961 
54976 
64999 
55024 
55046 
55072 
55097 
55121 
55145 
55169 



83549 
83583 
83517 
83501 
83485 
83469 
83453 
83437 
83421 
83405 



55194 
55216 
55242 
55266 
5.5291 
55315 
55339 



55386 



55436 
55460 
55484 
55509 
55533 
56567 
55581 
56605 
55630 
55654 



65678 
56702 
55726 
56750 
66776 
65799 
55823 
66£47 
56871 
55895 
56919 



63667 
63851 
63635 
63619 
83804 
83766 
83772 
63756 
65740 
63724 



63706 
63692 
63676 
63660 
63645 
63629 
63618 
63597 
63561 
63565 



83389 
83373 
83356 
83340 
63324 
83306 
83292 



55363 8327e 



83260 



55412 83244 



83228 
83212 
83195 
83179 
83163 
83147 
83131 
83116 
83098 
83082 



83066 
83060 
83034 
83017 
83001 
82986 
82969 
82963 
82936 
82920 
82904 



56160 
56184 
56208 
56232 
66266 
562.80 
56305 
56329 
56353 
56377 



82904 
82887 
82871 
82855 
82839 
82822 
56064 82806 
56088 82790 



56112 
56136 



82741 
82724 
82708 
82692 
82675 
82659 
82643 
82626 
82610 
82593 



56401 
56425 
56449 
56473 



82577 
82561 
82544 
82528 
56497 82511 
56521 82495 
56545 82478 



56569 
56593 
5661? 



82462 
82146 
82429 



56641 
56665 
66^9 
56718 
56736 
56760 
567S4 



: 56832 
; 56656 



56880 
56904 
56928 
56952 
56976 
57000 
57024 
57047 
57071 
57096 



57119 
57143 
67167 
57191 
57216 
67238 
67262 
67286 
67310 
57334 
67368 



82773 
82757 



82413 
82396 
82380 
82363 
82347 
82330 
82314 



56808 82297 



82261 
82264 



82248 
82231 
82214 
82198 
82181 
82165 
82148 
82132 
82116 
82098 



82082 
82066 
82048 
82032 
82016 
81999 
81982 
81965 
81949 
81932 
81916 



66 Peg. 



67696 
57619 
57643 
57667 
57691 
57715 
57736 
67762 
57786 
57810 



57358 
57381 
57405 
57429 
57453 
67477 
57501 
57524 
57548 
57572 



81899 
81882 
81865 
81848 
81832 
81815 
81798 
81782 
81765 



81748 
81731 
81714 
81698 
81681 
81664 
81647 
81631 
81614 
81597 



67833 
67857 
57881 
57904 
57928 
57962 
57976 
67999 
58023 
68047 



81580 
81563 
81546 
81530 
81513 
81496 
81479 
81462 
81445 
81428 



68070 
58094 
58118 



58307 
56330 
58354 
68378 
66401 
58425 
58449 
58472 
58496 
68519 



68543 

58567 
68690 
68614 
68637 
5S66] 
68684 
68708 
68731 
68766 
58779 



N. COS. 



H Peg. 



N.tos. 



81915 60 



81412 
81395 
81378 



5814181361 

58165 

58189 

58212 

58236 

58260 

58283 



30 
29 
28 
27 

81344J26 

81327 

81310 24 

81293 

81276 

81259 



81242 
81226 
81208 
81191 
81174 
8U57 
81140 
81123 
81106 
81089 



81072 
81065 
81038 
81021 
81004 
80987 
80970 
80963 
80936 
80919 
80902 



N. aio. 



56 



TABLE OF KATURAIi SIKES. 



w. 


WJ>^. 


»7i>«g. 


WD.g. 


9ei>eg. 


iOUeg. 


1 *^ 


Deg. 




N. sin. 


M.cos. 


N.Bin. 


N,oos. 


N. sin. 1 N. COS. 


N. sin. 


"v. COS. 

77716 
77696 
77678 
77660 
77641 
77623 
77606 
77586 
7766S 
77560 


N.sln. 


N.cos. 


N.sln. 


N. cos. 




1 

2 

3 

' 4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
50 
61 
62 
53 
54 
55 
66 
67 
68 
69 
60 


68779 
68802 
68826 
68849 
68873 
68896 
58920 
58943 
68967 
58990 


80902 
80885 
80867 
80850 
80833 
80816 
80799 
80782 
80765 
80748 


60182 
60205 
60228 
60251 
60274 
60298 
60321 
60344 
60367 
60390 


79864 
79846 
79829 
79811 
79793 
79776 
79758 
79741 
79723 
79706 


61566 
61589 
61612 
61635 
61658 
61681 
61704 
61726 
61749 
61772 


78801 
78783 
78765 
78747 
78729 
78711 
78693 
78676 
78658 
78640 
78622 
78604 
78586 
78568 
78550 
78532 
78614 
78496 
78478 
78460 
78442 
78424 
78405 
78387 
78369 
78351 
78333 
78315 
78297 
78279 

78261 
78243 
78225 
78206 
78188 
78170 
78152 
78134 
78116 
78098 


62932 
62955 
62977 
63000 
63022 
63045 
63068 
63090 
63113 
63135 


64279 
64301 
64323 
64346 
64368 
64390 
64412 
64435 
64467 
64479 


76604 
76586 
76667 
76548 
76530 
76511 
76492 
76473 
76465 
76436 


66606 
66628 
66650 
65672 
65694 
65716 
65738 
65759 
65781 
66803 


76471 
75452 
76433 
75414 
75395 
75376 
76366 
76337 
75318 
76299 


60 
59 
58 
67 
66 
55 
54 
53 
52 
51 
50 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 
39 
38 
37 
36 
35 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 
23 
22 
21 


59014 
59037 
59061 
69084 
59108 
59131 
59164 
59178 
59201 
59225 


80730 
8O713 
80696 
80679 
80662 
80644 
80627 
80610 
80593 
80576 


60414 
60437 
60460 
60483 
60506 
60529 
60653 
60576 
60699 
60622 


79688 
79671 
79653 
79635 
79618 
79600 
79583 
79565 
79547 
79530 


61795 
61818 
61841 
61864 
61887 
61909 
61932 
61955 
61978 
62001 


63168 
63180 
63203 
63225 
63248 
63271 
63293 
63316 
63338 
63361 


77531 
77513 

77494 
77476 
77458 
77439 
77421 
77402 
77384 
77366 


64501 
64624 
64546 
64568 
64590 
64612 
64635 
64657 
64679 
64701 


76417 
76398 
76380 
76361 
76342 
76323 
76304 
76286 
76267 
76248 


66826 
65847 
66869 
66891 
65913 
65935 
65966 
66978 
66000 
66022 


76280 
76261 
75241 
75222 
75203 
75184 
75165 
75146 
75126 
75107 


59248 
59272 
59296 
59318 
69342 
69365 
59389 
59412 
59436 
59469 


80568 
80541 
80624 
80507 
80489 
80472 
80455 
80438 
80420 
80403 


60645 
60668 
60691 
60714 
60738 
60761 
60784 
60807 
60830 
60853 


79512 
79494 
79477 
79469 
79441 
79424 
79406 
79388 
79371 
79353 


62024 
62046 
62069 
62092 
62115 
62138 
62160 
62183 
62206 
62229 
62251 
62274 
62297 
62320 
62342 
62365 
62388 
62411 
62433 
62456 


63383 
63406 
63428 
63451 
63473 
63496 
63518 
63540 
63563 
63585 


77347 
77329 
77310 

77292 
77273 
77255 
77236 
77218 
77199 
77181 
77162 
77144 
77125 
77107 
77088 
77070 
77051 
77033 
77014 
76996 


64723 
64746 
64768 
64790 
64812 
64834 
64856 
64878 
64901 
64923 


76229 
76210 
76192 
76173 
76154 
76135 
76116 
76097 
76078 
76059 


66044 
66066 
66088 
66109 
66131 
66153 
66175 
66197 
66218 
66240 


75088 
75069 
75050 
76030 
76011 
74992 
74973 
74963 
74934 
74915 


69482 
59506 
59529 
69662 
59576 
59699 
59622 
69646 
59669 
59693 


80386 
80368 
80351 
80334 
80316 
80299 
80282 
80264 
80247 
80230 


60876 
60899 
60922 
60945 
60968 
60991 
61015 
61038 
61061 
61084 


79335 
79318 
79300 
79282 
79264 
79247 
79229 
79211 
79193 
79176 


63608 
63630 
63653 
63675 
63698 
63720 
63742 
63765 
63787 
63810 


64946 
64967 
64989 
65011 
65033 
65056 
65077 
65100 
65122 
65144 
65166 
65188 
65210 
65232 
65264 
66276 
65298 
65320 
65342 
65364 


76041 
76022 
76003 
75984 
75966 
76946 
75927 
75908 
76889 
75870 
75861 
75832 
75813 
76794 
75776 
75756 
76738 
76719 
75700 
76680 


66262 
66284 
66306 
66327 
66349 
66371 
66393 
66414 
66436 
66458 


74896 
74876 
74867 
74838 
74818 
74799 
74780 
74760 
74741 
74722 


59716 
59739 
59762 
69786 
59809 
59832 
69856 
59879 
59902 
59926 
59949 
59972 
59996 
60019 
60042 
60065 
60089 
60112 
60135 
60168 
60182 

N.oo.. 


80212 
80195 
80178 
80160 
80143 
80125 
80108 
80091 
80073 
80056 
8003^* 
80021 
80003 
79986 
79968 
79951 
79934 
79916 
79899 
79881 
79864 


61107 
61130 
61163 
61176 
61199 
61222 
61245 
61268 
61291 
61314 


79158 
79140 
79122 
79105 

79087 
79069 
79051 
79033 
79016 
78998 
78980 
78962 
78944 
78926 
78908 
78891 
78873 
78855 
78837 
78819 
78801 


62479 
62502 
62524 
62547 
62570 
62592 
62615 
62638 
62660 
62683 


78079 
78061 
78043 
78025 
78007 
77988 
77970 
77952 
77934 
77916 


63832 
63854 
63877 
63899 
63922 
63944 
63966 
63989 
64011 
64033 


76977 
76969 
76940 
76921 
76903 
76884 
76866 
76847 
76828 
76810 


66480 
66501 
66623 
66646 
66666 
66588 
66610 
66632 
66653 
66675 


74703 

74683 
74664 
74644 
74625 
74606 
74586 
74667 
74648 
74628 


20 
19 
18 
17 
16 
15 
14 
13 
12 
11 


61337 
61360 
61383 
61406 
61429 
61451 
61474 
61497 
61520 
61643 
61566 


62706 
62728 
62751 
62774 
62796 
62819 
62842 
62864 
62887 
62909 
62932 

N. COS. 


77897 
77879 
77861 
77843 
77824 
77806 
77788 
77769 
77751 
77733 
77715 


64056 
64078 
64100 
64123 
64146 
64167 
64190 
64212 
64234 
64256 
64279 

N.cos. 


76791 
76772 
76754 
76735 
76717 
76698 
76679 
76611 
76642 
76623 
76604 


65386 
65408 
66430 
65462 
66474 
66496 
66518 
65540 
65562 
66684 
66606 


75661 
75642 
76623 
75604 
75685 
75566 
75647 
76528 
76509 
75490 
7647) 


66697 
66718 
66740 
66762 
66783 
66805 
66827 
66848 
66870 
66891 
66913 


74609 
74489 
74470 
74461 
74431 
74412 
74392 
74373 
74363 
74334 
74314 


10 
9 
8 
7 
6 
6 
4 
3 
2 
1 


M 


N.ain. 


N.cos. 


N. sin. 


N.sln. 


N.sln. 


N.cos. 


N.sln. 


N.cos. 


N. sin. 


MDeg. 1 


eai 


>eg. 


eiDeg. 1 


to Deg. 1 


491 


>cg. 


4SI 


)eg. 



TABLE OF NATURAL SINES. 
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Tll^ 



If, Jf.rin, I W^et.'a. 



49 Ticg, 



H'lin. -! Nf C^]^. 



O^emU 371314 GS20U,73l3r^ 
rGG935,74595,!}&321 7^1116 
2 6GD5G|74i*7G 08242 730^0 
73076 
73056 
730iJG 
7301G 

73070 
72957 



_ 44 iJej^. 
N, iib. i N- ei 



ti9l66;7l&r34 0O 
G94:S7 7lUli5y 



3'6G978|742&Gl&B2e4 
4!fi699fi 71237 G82S5 



fi 67021 74217 

6 67043 7419^ 

7 G70G4 74178 
R G708G 74150 



G8306 
68337 
6S340 
6S370 



9 67107!74X3b'68301 



GU570;7l!=^33 
tG95017iS13 
G%1371793 
69633 71772 
69654717^2 



72937 
72917 
73607 
73877 



10 6713tJ7il2O,G8412 
ll'071ol|74100 68434 
12 G7 173 74080, G8455 
13G71947406l'G847f} 

14 G72l5.7404li 68497172857 

15 67237. 74033' 68518172837 
lGG73SS;74003!G8530|72ai 
17 G72RU 73983, 6aoai73707 



18G7301 
19G7333 



730G3 6S5S2 
73944 ^Sfl03 



73777 
?275^ 



20 67344 73934 68024 727^7 

21 S7366 73904 68645 72717 
23 67387I7388d! 68666 73607 

33 ti7409 Trisfh.-)' G8G88 7^^677 

34 6743if7rHlG iJ^7nji tju" 

35 674oJ7'>:?^i *;^73o:?2G^;T 
2G6747-:^;-'*- ^^751172617 
27 6741'Ii7:;:^7 0^772,72597 
33 67516 737 G7 6S793|72577 



29 6753Si73747 



6SS14 73557 



M. co t. I W* aln, 
4fl in-gf. 



6050S 
69539 
69549 



7lS94oS 
71873 57 
71853 50 



69675,71732 
6969G71711 
6971771691 
G9737 71071 
60758 71650 
69770 71630 
69800 71610 
G9&21 71500 
6084271^69 
69SG2 71549 



60fcS3 
69904 
6902fj 



30 67559 73728 

31 67580 73708 
32^67602 73688 
33 67623 73669 



_*£^l!g. 



W. stti. I ^T^l^o». 



50' 

49 I 

48 

47 

46 

45 

44 

43 

42 

41 



67645 73649 
67666 73629 
67688 73610 
67709 73590 
67730 73570 
67752 73551 



68835 72537, 
68857 73517 
6ei87a 73497, 
6889072477 
6802073457 
6B941; 73437' 
f>89G3 72417 
G8983 72307 
69004 73377 
69035173357 



677737353! 
67795:735] I 
6781673401 
67837 73472 
67850 73452 
15 678B0:73432 
46 5700173413 
4767133373393 
48 67044 73373 
4967965173353 



71529 
71508 
714B8 
6'i946 7HG.S37' 

GftWIiiTl U7 36 
|GP9.^7!71427 
70008 71407 



G004G73337 
G0067|72317 
60088,72307 
6910972377 
69130,72257 
691517223G 
69173 72216 
69193 73196 
69314 72176 
69335 72156 



|70039 71386,33 



0049 
70070 



71366 32 
71345 31 






50 679f*7 73333 69356 72136 
5168008 73314169277 73116 
52 6802073294 69298 7209.% 

53 68051^73374 |69319 72075 

54 68072 732,'i4'C9340 73055 
55;68093'73334%9361 7303:^ 

56 68115 73215 693S2 72015 

57 6S136 73195 0040371095 
58,68157,73175,69434 71974 
5968179 73155' 69445 71054 



44 tiPR. 



ti.tiiL. 



70091 

70112 

70132 

70153 

70174 

70195'71 

702]:) n 



7132530 
21* 



71305 
71284 
71264 
71243 
i3 



7023C. 71182 
70257 71162 
70277I7II4I 



70398 
70319 
79330 
79360 
79381 
70401 
70433 
70443 
70463 
704B4 



71121 
71100 
71080 
71059 
71030 
71019 
70998 
70978 
70057 
70937 



60 



68200173135 



4^ Pgg ~ 



69466 71934 



70505 70016 
70525179896 
70S4670S75 
70567 7985[i 
70387 70834 
,70608 70813 
70G38;70793 
j70G40!7077: 
17O67O17O752 
79690170731 
79711 79711 






N. COS. I N« f^ U. 



_*6UtE. 



UABLIBLE : 
PBINTBD AT TBS OFFICE OF OHASLES THUBNAM. 



